+ MLI
Mi.L1

Mechanics 1 (AH)

Motion in a straight line

know the meaning of position, displacement, velocily,
acceleration, uniform speed, uniform acceleration,
scalar quantity, vector quantity

" Concepts of posxtlon. velocity and acceleratlon should

ML1.2

- be introduced using vectors.

Cand:dates should be very aware of the dlStll’lCllOﬂ 5
- between scalar and vector quanm:es pamcularly n ué

case of speed and velocity.

draw, interpret and use distanceftime, velacity/time and
accelerationftime graphs . :

* Candidates should be able to draw these graphs from

Mi.1.3

MIE.1.4

MI.L5

Ml.1.6

M1.1.7

V= + 2as,s

numerical or graphical data.

know that the area under 2 velocity/time graph

-represents the distance travelled

know the rates of changc v o=

a=G=4-

Candidates should be fam;l;ar with Lh_e dot notation for

% = tand

differentiation with respect to time..

derive, by calculus methods, and use the equations

governing motion in a straight line with constant
-acceleration, namety:

V= u+als=ut+ éa':2 and from these.

= {1 + Vt/2

Candidates need to appreciate that these cquanons are
for motion with constant acceleration only. Thc general

technique is to use calculus.
solve analytically problems involving motion in one

-dimension under constant acceleration, including

vertical motion under constant gravity

‘solve problems mvolvmg motion in one dimension

where the acceleration is. dependem on trme, ie

a=%&=5@1

M2

Ml.2.1

M1.2.2

M1.23

Mi.24
Mi2s

~.. components in two and three d:mensnons these vectors.
may be functions of time

M1.2.6

ap =

: VQ Vp

Position, velocity and acceleration vectors including
refative motion -

know the meaning of the terms relative posmon,

‘relative velocity and relative acceleration, air speed,

ground speed and nearest approach

_be familiar with the notation:

rr for the position vector of P

vp = ip for the velocity vector of P

vp = rpforthe acceleration vector of P

Pﬁ = Ig — rp for the position vector of 0 relative to P
rQ r-pforthe vcloc:ty of @ relative to P

ap =~ g = Vp =~ Vp = I"p - rQ for the accclcrauon
of O relative to P :
resolve vectors into componenls in two and lhrce

: dlmensmns

This requires emphasis.

differentiate and integrate vector funcnons of time

use position, veloczty and acceleration vectors and their

_apply position, velocity and acce]erauon vectors 1o

- solve practical problems, including problems on the
“navigation of ships and aircraft and on thc effect of
- winds and currents - : :

ML3
M1.3.1

Mi.3.2

M133

‘M1.34

Motion of projectiles ir a vertical plane

know the meamng of the terms projectile, velocity and
angie of projection, trajectory, time of flight, range and
constant gravity.

Candidates also require to know how (o resolve
velocity into its horizontal and vertical components.
solve the vector equation i = ~gjto obtain r in terms
of its horizontal and vertical components

The vector approach is particularly recommended.
obtain and solve the equations of motion ¥ = 0,

¥ = —g, obtaining expressnons forx y. xand yin any
particuiar case

find the time of flight, greatest hetght reachcd and

. tange of a projectile

Mi.3.5

"ML1.3.6

Mi1.39

Only range on the horizontal planc: through the pomt of -

projection is required.

find the maximum range of 2 pchcnIe ona hornzontal
plane and the angle of projection to achieve this

find, and use, the equation of the trajectory of a
projectile

‘Candidates should apprecmte that this trajectory is a

parabola.
solve problems in two-dimensional motion involving

‘projectiles under a constant gravitational force and
" neglecting air resistance

Applications from ballistics and sport may be included
and vector approaches should be used where
appropriate.

 ML4
- MiA.l

M1i.4.2
M1.4.3

- M1.4.4

M1.4.5

M1.4.6

o M14T

- M43

Mi49 -

. Candidates should be able to solve such problems both. o

MI12.7

. by using trigonometric calculations in triangles and by .
vectior components.

“Solutions by scale drawing would nol be acceplcd
solve problems mvoivmg colhs:on courses and nearest

anprowh

the equations ¥ = yRandp =
'_Ba!anced unbalanced forces and equilibrium couId

Force and Newton's laws of- motion

-understand the terms mass, force weight, momcntum.

balanced and unbalanced forces, resultant force,

“equilibrium, resistive forces

know Newton's first and third laws of motion
resolve forces in two dimensions to find their
components

Resolution of velocities, etc. has been covered i in
previous sections.

combine forces to find resultant force

understand the concept of static and dynannc friction
and limiting fricticn :

understand the terms frictional force, normal reacnon
coefficient of friction g, angie of friction 4, and know
tan l

arise here.

Candidates sﬁould understand dmt for smt:onary
bodies, 7 < uR. :

solve problems involving a p'trllcle or body in .
equilibrium under the action of certain forces -

. Forces could include weight, normal react:on friction,

tension in an inclastic string, etc. -

know Newton's second law of motion, that force is the -
rate of change of momentum, and denvc the eqmuon
F o= ma = :

-use this equation 1o fot m cqumions of motion to modol

* practical problenis on nyotion in a straight line
s Ml 4.10 solve such cquations modeiling motion in one

.- dimension, mc[udlng cases whcrc !he acceleration is
dependent on time '

 ML4.11 solve problems involving fr:cuon and problcms on

~inclined planes
" Both rough and simooth _p_l:n_:_cs_arc rgquit'cd. :



M2.1

M2.1.1

M2.1.2

M2.1.3

M2.14

M2.1.5

 M2.1.6

M2.1.7

Mechanics 2 (AH)

Motion in a horizontal circle with umform angular
velocity

know the meaning of the terms angular velocity and.
angular acceleration

know that for motion in a circle of radius r, the radial and
tangential components of velocity are 0 and rée,
respectively, and of acceleration are mroze, and réey
respcctwe!y,whcre e, = cosfi + sinfjand -

eg = — sin @i + cos §] are the unit vectors in the radial
and tangential directions, respectively. . =

Vectors should be used to establish these, starting from
v = reosfl + rsin t?j where ris constant and 8 is
varying. : :
know the pamcula.r case where 0 Wi, w bemg constant,
when the equanons arer-= rcos{oni + r sin ().

¥ = —re sm (o + res cos (w0)f; '

a = —re’ cos(wn)i ~ ro sm(wt)]

from whicty - .
verw=rfia=reo’=rf?=v}randa = -wr

apply these equations to motion in 2 horizontal circle

- with uniform angular velocity mciudmg sklddmg and
bankmg and other applications

Examples should include motion of cars round circular
bends, with skidding and banking, the wa!! of dcath' the
conical pendulum, etc.

know Newton's inverse square law of gravitation, namely
. that the magnitude of the gravitational force of attraction

between two particles is inversely proportional to the
square of the distance between the two particles

apply this to. s:mpllf' ied cxamplcs of motion of satellites

“and moons .

Clrcular orblts only. :
find the time for one orbit, height above surface, ete

M2.2
M2.2.1

M2.2.2

M223

-ocasesx =
" equation. -

“Simpie harmonic motion

know the definition of simple harmonic motion (SHM)
and the meaning of the tetrmns oscitiation, centre of
oscillation, period, amplitude, frequency
know that SHM can be modelled by the equation

—
= -ar'x
know the solutions x = a sin(wt + «)and the special
a sin (wr) and x = acos(wt), of the SHM

~ .. At this stage these solunons can be verified or

M2.24

established fromr = a cos{w)i + a sin (w) |

: rotating round a circle, Solution of second order
~differential equations is not required. :
know and be ablg to verify that v = o2 (a -2, where
v = T = 2n/w; maximum speed is wa, lhe '
magmmdc of the maximum acceleration is w’a and when © -
-and where these arise SR B
- Proof usmg differential equations is not rcqmrcd here but

*will arise in the section of work on :nouon ina stralght

M2.2.5

M2.2.6

M2.2.7

M228

tine later in this unit.
know the meaning of the term tension in the context of

elastic strings and springs

know Hooke's law, the meaning of the terms nalural

- length, /. modulus of elasticity, 4, and stiffness constant, .
* k. and the connection between them, 1 = k/

“know the cquation of motion of an oscillating mass and

" the meaning of the term position of equilibrium
apply the above to lhc solution of problcms mvolvmg

- SHM - .
" These w1ll include probiems involving c!asuc smngs and o

- springs, and small amplitude osciilations of a simple

pcndu]um but not the compound pendu!um

‘M2.5.1

M2.3
M2.3.1

M2.3.2

CM2.3.3

M2.34

Principles of momentum and impulse

know that force is the rate of change of momentum
This was introduced in Mechanics 1 (AH).

know that impulse is change in momentum i.e.
I=mv-mu=|Fdr

understand the concept of conservation of linear.
momentum

solve problems on linear motion such as motion in hfts
recoil of a gun, pile-drivers, etc.

The equation F = ma is again invelved here. Equations
of motion with constant acceleration could recur.

M24

M2.4.1

M24.2

M2.4.3

M244
" variable force using integration, i.e. W

~M24.5
- wotk,ie. P = &

-M2.4.6

M2.4.7
M2.438

M2.4.9

M2.4.10

“M2.4.11

a. a uniform gravitational field is £p =

Principles of work, power and energy -

know the meaning of the terns work, pOWer potenuai

energy, kinetic energy
understand the concept of work

.Candidates should appreciate that work can be done by

or against a force. -

calculate the work done by a constant force in one and
two dimensions, ie, W = Fd (one dimension);

= F.d (two dimensions)
calculate the work done in rectilinear motion by a
= [Fidx:

= [Fvad, where v = 4
understand the concept of power as the rate of doing

= F.v (constant force), and apply -

this in practicat exampiles :

Examples can be taken from transport sport, fa:rgrounds
ete.

understand the concept of encrgy and the d:l‘l‘erencc -
between kinetic (£x) and potential (£p). encrgy

know that £y = {nn?

know that the polential energy associated with:
mgh

b. Hooke's law is £, = k(extension)?

Link with simple harmonic motion.

c. Newton's inverse square law is £p = CHw
Link with motion in a horizontal circle.
understand and apply the work-energy principie

understand the meaning of conservative forces like
gravity, and non-conservative forces like friction

know and apply the energy. equmon Ey + Ep = constant,
including the situation of motion in a vertical circle

M2.5

M2.5.2

“Motion in a strmght line, where the solution of hrst
-.order differential equations is required o

knowthata = vftas wellas &

‘use Newton's faw of motion, ¥ = .na, to fonn first ordcr_' ;
-differential equations to model practical problems, where .

" the acceleration is dependent on displacement or

© M253

velocity, Le. & = f (v veE = f(x): vk = f(v).
solve such dlt’fcrculml equattons by the melhod of

- separation of variables
- It may be necessary 1o teach this solution technique,

“depending on the mathematical background of the

candidates.

- Examples will be straightforward with imegrals which

‘M2.5.4
 M255

-are covered in Mathematics 1, 2 { AH). If more complex L

then the anlt*denvatwe will be given.
dcnvc the equation v? = wz(a ?) by solving v = ~w’x

“know the meaning of 1hc {erms terminal velocity, escape

- velocity and resistance per unit mass and solve problems ;
~involving differential equations and incorporating any of .~ -

‘these terms or making use of F = £

This section can involve knowlcdge and skills from other



RPM/2001
M1.1 MOTION IN A STRAIGHT LINE

Qutcome Content
- |Know the meaning of position, displacement, velocity, uniform speed,
{uniform acceleration, scalar quantity, vector quantity.

- ~}Draw, interpret and use distance/time, v_eloc_ity/time and acceleration/time
- {9raphs. - ' :

_ Know that the area under a veiocﬁylttme graph represents the dlstance
travelled. ' R . L
ds d?x dv dx
K ¢ _—TTTTTE T =TT = 7 — %
now that the rates of change V.= o =X and a G2 Tt V=X

Solve problems mvoiv:ng motion in one dimension where the acceleration

is dependent on time, i.e. a—d——f(t)

You should be aware of the distinction between scalar and vector quantities.

Scalar quantities have magnitude (51ze) only whereas vector quantmes have both magnitude
and directron -
“ie. Scalars -Vectors

distance - - displacement
speed velocity
“time - - acceleration
temperature force
& . & £
o P X

You should know that if a particle P is moving in a straight line along the X-axis and {is the
unit vector in the positive direction of the X-axis then:

The displacement of P from O at any instant is the vector x = xi, where x = OP.
If P is to the right of O, x is posi_tive and if P is to the left of O, x is negative.

- The velocity of t_he'particie is the rate of change of its displacement

:._andlsthevectorv=%§w: B S : | XA o |

.'If Pi is moving to the rlght (:# |s_pd_sitive : o | | E “

and if P is moving to the. left %)ti is negative.

if [v| the speed, is denoted by v then v_;%? and x = fvdt. R
T - ooy

o')zf s sometlmee denoted by X. e - Gradient of graph = %= velocity

att b o attst,

' Page 1



RPM/2001
The acceleration of the particle is the rate of ' '

‘ d
~change of its velocity and is the vector a = -d—\;l

If the velocity is increasing E? is positive and if

N _dv :
the velocity is decreasing 31;» is .negat_we.

If |a is denoted by a then am%F and v = Iadt. 0 N T
_ - PR . _dv ,
Aisoa=2 .9 > and df is sometimes - Gradient of graph = -5 = acceleration
gt dt* - dtt L . .
' att=f, atf=t,

denoted by X.

t
Area under graph = _fvdt = displacement
0

t=0tot=t, | Catt=t,
The area under an acceleration/ time graph from f=0tot=t, is
) :
jadt = velocity at { =f{,.

'WORKED. EXAMPLES -

- Example 1

A body moves along the X—a)as wsth velocity, measured in ms-1, given by
: v = (32 -18f + 15)§
where i is the unit vector in the positive direction of the X-axis and { is the time in seconds
from the start of the motion.
At the start of the motion the displacement of the body from the origin is 30m. Fmd
a) the initial speed of the body; :
b) the values of f for which the body is at rest;
. ¢) the acceleration of the body when { = 6;
. d) the displacement of the body from O when { =3.
-Solution

- . _ dv '
A= 3t2—18t+15 . b)_Bodyatrest_so v_=0__' c)Us:nga:Ethena 6t 18
 Whent=0 3-18t+15=0  Whent=6 |
- v=3x0°-18x0+15  3(f*-6t+5)=0 . a=6x6-18 .
v=15ms" C3(t-1)(t-5)=0 a=18ms?
o Soatrestwhent=1and 5 s '
d) Usmg V= Zt and rearranglng and lntegratmg glves

X = _[vdt £ -9 +15t+cwhere cis the constant of integration
" Whent=0 x=30s0¢=30andx =t -9t*+15{+30 |
Whent=3 x=3°- 9><32+15><3+30 21m '

- Dtspiacement from Ois 21 m m the posztlve dlrectaon
' L ' DR Page2 -
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Example 2
A body moves along the X-axis from rest at the origin with acoeleratton measured in ms-2,
given by a=(2~ \[‘ £)i

where jis the unit vector in the positive directlon of the X-axas and tis the time in seconds
from the starf of the motion.
a) Show that the Speed increases to a maxnmum value then decreases Fmd thus vaiue
b) and S :
1) the time till the body is instantaneously at rest again
- i) the fime before it again passes through !tS starting pomt

Solution.
a) if a body is acoeleratmg its: speed wnli increase.

Fora=2—+/t a=0when2-f=0"

So speed is increasing until f = 4. .

After t =4 - a <0 so body starts to slow down.

There must be a stationary value at f = 4 and it is 2 maximum.

This could be confirmed by using a gradient table.

Usmg dt =& and rearrangmg and integrating

3
V= fadt—- I{Z f t )it = 2t~——§¥t2 +¢ where ¢ is the constant of integration

'Whent 0, v= Osoc 0
3

V= 2t-—§~t2 andwhent 4 V=2x4-7x4
i) Body instantaneousiy atrestsov =0, so 2t ~§t2 = 0 which gives
t=0o0rf=9 and so itis at rest again after 9 seconds.

4.

LS REA .

!\J]N :

i) At sta'_r_ting point x =0

Using :%3:; =y a_nd rearranging and integrating

= = — 2 s 2 e 2
x= Jvdt = f(2t-5t7)dt =t it e
_-..Whent 0, x_Osoc 0 :

] 4 e

| 15 |
I _ a5
Whenx 0 t2-——t2 ——0

| t2(1—it2) 0

k|

- 15

2 .Y
t Oorf 22;
f= ()ort‘-—-—««16 s

::._The body passes through the startsng pomt agaln after about 14 06 seconds. :

5
X =2 o2

. Page3



. RPM/2001
Example 3
- A particle starts from rest at the orzgm and moves along the X-axis with acceleration,
measured in ms-2, given by a = (6 - 2Hi, where { is the unit vector in the pOS{tIVG dlrectxon of the.
: X—axns and tls the tlme in seconds from the start of the motlon '

'F:nd the maximum speed of the pamcle
. Find also the dlsplacement of the parttcie on reachmg the mammum speed.
: .-Soiutlon ' -

| _Usmg dt =8 and rearrangmg and mtegratmg

v=fadt = f(6-2t)dt =6t -2+
When{=0, v=0soc= 0 :

v =6t-f* - -

_ Maximum speed occurs when a= 0 so 6 - 2f = 0 gives t 3
Max speed = 6x3-3%=9 ms”

Using -q——-vthenx jvdt—J(Gt t)dt 32 - %t3+c

Starts f from restsowhent=0, x=0s0¢=0
1 o
mp2 g3
x_m_.3t _31‘ 1 .
- Atmaxspeedt=380x=3x32——§x3?‘:18rn_ |

' Examp!e 4 : : -

A particle staﬂs from rest and moves in a stralght lme wnth umform acceleration Bmsﬁ2 for

3 seconds. It is then brought to rest with uniform acceleration of -2ms-2 , :

Draw a velocityftime graph and use. it to find fhe dlstance travelled by the particle.

Solution

Acceleration is the rate of change of velocity and uniform acceleratlon means constant
acceleration. This rate of change will be the gradient in the correspondmg velocxty/time graph .

'vA.

Gradient OA = : acceleratlon in fi rst 3 seconds

mOA '-—% =8 s0 the maximum Speed v?, = 18 ms R W A
The distance travelled |s the area under the vefocﬂy / tlme graph ' '
. S¢ Vf 2 where tis the time to come back to rest.
Which gnves 3~§« =280 t 9 s | |
-Area AOAB = §x12x18 108 o | e 0 f

: D:stance trave}led 108 m



: Exercase M1. 1-1 _ _ .
Cin ail of the questlons motfon is ina straight hne iis the umt vector in the pos:twe dl!’eCtIOﬂ cf

| the X’-ams and X, v, a and fhave their normai meanmgs

. 'lfx (t3+f):f'ndehent 3S

'lfx (51‘2 t3):fndawhent is

_'va t3ff"ndawhent 28, . BRI
5;ifv¢(4t+5)rand)<“10mwhent 13 fndxwhent Zs R

ifa= Bt: and the body is mltaaily at rest fnd vwhenf 4s _ . _
.Jlfa“%tsfndxwhent 2sgwenthatv*4ms~? andx 10mwhenf 43
Ifx= (tza)ifnd"_ S PR

- a) an expressxon for the velocnty of the body at tlme t

' -b) the value of twhen the speed is8 ms—

: c) the dlspiacement of the body from O when v 8 ms~ e
_ If X= (2t3 21!2 + 60t)i fi nd . : '
- a) the vaiues of twhen the body IS at rest '

R b) the mltlal velomty of the body

: c) an express;on for the accelerataon of the body at tlme t
—d) the initial acceleratton of the body | o B

lfv (8t 3f2):and the body is mmaliy atO f nd

- a) an expression for the acceleratlon of the body at tlme t

B '} b) an expressmn for the disﬂlacement of the body fmm G at time t L

"c) how far the body is. from Owhen t= 3s

10,1
‘a) the initial veiocﬁy of the body .

lfv*(Bt - 2)(t - 4):andx-—8mwhent 1s fnd

E b) the values of twhen the body is at rest
'..c) the acceleratlon of the body when t= 33

d) the dlstance the body is from 0 whent 23 : o
PR L)

if a 2tl and ;mtnally the body ls at rest at O f nd the veloc:ty of the body when t 3$ and

R .'-'the distance the body is. then from 0

U l [12

A stone is dropped from a point O at the top of a chff of he:ght 80 m. The dlstance xm of

the stone below 0o aﬁer ts is gwen by X = 5f2 _
a) f‘ nd the veiomty nf the stone just before it htts the ground

_ .b)___sh_ow th_a_t the:a:ccsleranpn Qf_ _t_he _s_to__ne is _c_o_nstar;t___ .

-.'RPM/Qooa_f_ B



RPM/2001 '

13 A stone is thrown vertrcally upwards trom a pomt O The herght xm of the stone above O is

- grven by x = 20t 5t. DR kR .
'a) What is the greatest helght above O reached by the stone and how long does 1t take to

reach th:s helght'?

E b) What is the initial speed of the stone and what its speed on returnmg to 0?

14,

s 'constants

The d|splacement of a partrcle from O is glven by x (bt2 + ct)r where b and c are.

a) What is the mltlal dlsplacement of P’P

' b) F md an expressron for the speed v and determrne the mrtlal vetocrty ot P

'__'-c) Show thata is constant - _ _
d) By elrmmatlng tfrom your equatlons forx and v, show that V =c? +4bX b¢0

A man runs from hlS house Oto the local shop A along a strarght road He realrses that '

A he has forgotten to bnng any money, $0 turns round and runs back to O agam Durmg his

. _Journey his dlstance xm from O is glven by =

x=f—(30t2-r )

.__a) Frnd the drstance from o) to A
e b) Flnd the total time for. his j Joumey
) Fmd hIS maxrmum speed dunng thejourney

' '_16.

A body moves along a strarght lsne with acceleratlon glven by a =I% where trs the trme rn _

.seconds When t= 0 the body is at rest at an ongm 0. The acceieratron contrnues untrl '

: t 6, when lt is then decelerated to rest. Dunng this deceleratlon 8= i Frnd the value -
. .of twhen the body comes to rest and the dlsplacement of the body from O at that trme '

F B

Answers - : . TR e
28mst . 2.4ms2 '3.12ms-2_- . 42im
5.48ms1.- - - 6.7m . '_ 7T.a)v=2f 8.a)2and5s
I I
c)13rn L e)a=12t- 42
B T AR T S RRREARE )42
"s.a)g;(a'-et) m a)8r BIPER 11 a)v 9; e ;12 a)y=40i -~
"'-_b)_g_(=_-(4f2-'t_’_3)r b)2/3&nd4s o bk9m o b)a—10 aconstant o
c)om - QAL
- 13.a)20m 14 ag - 16.a)50m '-16 8s i
S b)20mst byei 0 b)30s 32/3r

oa= Zbwhich  ojamst
. _isaconstant. - -

. Page6.
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Exercise M1.1-2 . _ - .

1. Each of the foliowmg velocrtyltlme graphs are. for a body whlch accelerates unlformly for a
- time period of 5 seconds after which it maintains its final velocity ln each case find:

i) the acceleration of the body during the 5 seconds
i) the dlstance travelled by the body in the frrst 6 seccnds

L

Y ST e
?JE?'S' _ '_ glﬁ *’-E*s S
£ 4 B B gl
= _ : =0 R
> 2 T e 52 =2
S A T T e Y ._0_._:_-'2 ru. '6. >
. Time {s) S Lo Time (s) Lo e Timed(s) -

2.A cvcllst rides along a straight road from point A to point B, He starts from rest, aceelerates_ s
uniformly to reach a speed of 12ms-1in 8 seconds. He matntams th:s speed fer a further :

~ 20 seconds and then uniformly slows down to rest at B.
- I the whole journey lasts 34 seconds, draw a velocrtyltlme graph and from lt f nd
a) his acceleration for the first part of the motion * - :
-b) his acceleratlon (deceleratron) for the. last parl: of the ]oumey
- C) the total drstance travelled .

3 A partrcle is 4nitrally at rest at a pornt A ona stra;ght lme ABCD The partscte moves from A to

B with uniform acceleratson reachmg B with a speed of 12ms-1 after 2 seconds. The
- acceieratton then. alters to a constant 1 ms-2 and 8 seconds after leavmg B the particle
- reaches C. The partrcle then slows down umformly to come to rest at D after a further

10 seconds. | : - : :

- Draw a velocrtyltrme graph for the motron and from |t fi nd _

-a) the acceleration of the partlcle when travelling from A to B -

~b) the speed of the particle on reachingC =

" ©) the acceleration of the particle when travellmg from Cto D '
. 'd) the total dlstance fromi A to D : :

4 Two statrons A and B are a drstance of Bx m aparl: aiong a straight track A train starts from SR

rest at A and accelerates uniformly to a speed vms-1, covering a distance of x m. The train -
- then maintains this speed until it has travelled a further 3xm, it then slows down at a
- uniform rate to. rest at B. Make a sketch of the velocrtyltrme graph for the motlon and show L

_ g
.:that if TIS the tlme taken for the trarn to travei frorn A o B then T = % seconds

5 An elevator travels from rest at the ground floor of a burldlng to rest at the top floor, 50 m

- above, taking 18 seconds. It aceelerates unrformly for 10m travels wrth constant speed for o | -

*32m and then decelerates. Find:
- a) the constant speed L
- 'b) the acceleratlon and the deceleratron o

- Page7
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8. A particle moves in a straight line from rest at Ato rest at B i acceferates unzformly at
- ams=2, moves with constant speed Vms—* and then. deceierates un[formly at Yaams2. if

the totai time for the j journey is Ts and the dlstance AB s SaT?m, show that V = aT_ms )

7. A partlcle moves so thatx 62-f3 S
- a) Show that the particle is initially at 0 and returns to o aﬁer 6 seconds S
- b) Find the maximum dlspiacement of the particle from O in the time interval 0 <t < 6

‘_-c) Sketch a graph of the speed of the partlcle agalnstt Fmd the maXImum speed of the
partscie in the mtervaIO <t< 6 PR o :

Answers L , T IR
1.a3) |)08ms2 n)14m 2.a)15ms2 3 a)6ms—2 . - 5a)3 7ms S
- b)i)1ms2 " ii)29-5m b)-2ms2 = “b)20ms1 - b)071 and089ms~2 i

‘c)i)-0-6ms-2 i) 31-5m  ¢)324m c)-2ms2- '_ : T _
7.0)32m : o o
c) Maximum speed is 36 ms-1

V4

24

12—

Pages ..
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Equataons of Motion of a body moving in a straight hne w:th ime wath '
umform acceieratlon Graphnca! Approach >

The meihod of obtammg the equattons given m thIS sectlon is for mformat:on on!y, you are
requ:red to use caiculus methods fo derlve the equatlons in thls course. -

' ConSIder a pamcle moving in a stralght !me with constant acceleratnon SO that a=al wzth

R initial velocxty u=ufand fi naI velocity v = vi after time 1.

The veloc;tymme graph for such a sﬁuation is shown below A

g= rate cf change of yeiocnty

o S SRR _ -#-gradient ofAB
vh | - | S .:  "B,
v — B . 'A_C'
T = S *V__;g
SO a="7—
" Rearrangmg g:ves V= u+at [
LU o ~ Using distance = area under '
| | fravelied  velocity / time
| ~ graph
L. o x = areaOACD + areaABC
Pt C x=ut+it(v-u)
' “butat=v-ufrom{t
S0 X= :.n‘+2an'.‘2 SR b

it is common in Phys:cslMechamcs to use s for the chstance iraveued so the Iast result is

normali seen as ' .
y L os= ut+ 1at?

Equat_lons [1_] and [2] form the basis for straight line m_o_tion'unifozm acceleration calculations.

_ .. -.Pa_ges-"-"_: '
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0utcome Content

Denve by calculus methods and use the equatlons govemmg motlon ina X :
straight llne Wlth constant acceleratlon namety L

(u-+~v)t
2

v —u +2as S=

V= u+at s= ut+ at2 and from these

Solve analytlcally probtems mvofvmg motton ln one. dlmenswn under
constant acceteratlon mc!udmg vert:cat motfon under constant graVIty

“ It has to be clearly -_etn_ph_as'ise_d that :thes_'e_.'feqoatio_ns.ate onlly-for motion with constant
. acceleration. The general method is to use calcuius techniques as covered ea_rlier._ i

Proof using' calculus - =
Rate of change of veioclty acceleratton -
50 usmg C;‘; =8 and rearrangmg and mtegratmg

v fadtbut smcea is constant | |

v=afdt

L sov=at+cC where cisa constant of mtegration B

- When t =0 V= u-
oosoc=u
Whlch glves v u+at

1] _' ._

=y and rearrangmg and mtegratmg .

dt
X = jvdt_ j(u+at)dt o R
SO X =uf+3 2 lat? v, where c1 is a constant of

Usmg

- {integration

Whent=0 x = Osoc1 S
Cx= ut~{~2at2 R

| '}:tzl' i

These are the two equat:ons obtamed prewousiy usmg the graphlcal approach Another two
equatlons can be obtamed by combmlng [1] and [2] as fot!ows ' : -

From [1] f= T subsﬂtutmg for tin [2] and reptacmg X by s

_u(v-u) 1(v u}2
y - 2 a-
_'_so 2as ou(v u)+(v u)?

2as 2uv 2u +v —2uv+u

2as v u2'

- szmg v —u +2as
_ .

[ Rearranging [3] glves §= v ;_:au

. _.squares :

and using _the difference of

(v+tl)(v u)

Za-'

: : -:From [1] f m '“-gy- 50 substltutlng fOI" V

(u+v)t _. S

4 i_n_ [3] :g_iv_.es.'_ L
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WORKED EXAMPL_ES S

: 'Examp!e 1 - : :

A particle mowng ina stralght line with constant acoelerahon mcreases its velootty from
4ms-1to 16ms-1in 6 seconds Find the constant acceteratton and the dtstance travelled '
durlng the 6 seconds : : -

Solution . S
. u 4rns1 _ -16ms— ﬁ - t=6s
For a use v= u+at For s uses ut+ lat®
 16=4+6a  s=4x6+ 1x2x6°
6a=12 . s= som |
. S a=2mst '
':Examptez |

A ball is thrown upwards, with a speed 7 7ms-1 from the top of a sheer cl:t’f 21m hlgh insuch
a way that on the downwards part of the motton the edge of the cl |ff is just massed and the ball :

continues downwards Find: o : :

a) the time taken for the ball to. reach the foot of the cliff

b) the veloczty of the ball at the lnstant it hits the ground

. Solution BRI STE _
R T C“ﬁ—L- s=0.

Cotop
. Footof 's=-2’t
cliff. - -
a) Taking upwards as the positive dlrectlon b) Usmg V= u +at
‘u=7-7ms'anda=-9-8ms® . V= 7-7-9-8x3
 Usings=ut+fa> . v==217. -
o 21=7: 7t— 4.0 ' . . sothe vetoc1ty is 21 7 ms” vert:caily downwards_ -
50492 -77t-210=0 N SR | o
7 11-30=0

(7t+10)(t 3)=0 B -

10 P
t~—_7ort 3butt>0sot 3; '
’Ttme to reach fo_ot of cliff 13_35_. -

Page 11
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Exerctse Nt‘t 1—3

1. ln travelling the 70cm along a nﬂe barrel a bullet untformly accelerates from sts rnrtael state
- of rest to an exit veloc;ty of 210 ms-1. Find the acceleretron rnvolved and the trme for whrch
‘the bullet isin the barrel o : 3

2_.'Accordrng to the hrghway code a car travellrng at 20 ms~1 requrres a mmlmum brakrng
| drstance of 30m What deceleratron is thls and what wr!l the Iength of fime be to stop'?

3. 'A partrcle is pro;ected away from an origin 0 w:th an inrtral veiocrty 0- 25 ms- -1 The partrcle S
- travels in a straight line and accelerates at1-bms-2. . '
R Frnd a) how far. the partzcle is from O after 3seconds. D : -

) b) the drstance traveiled by the partrcle dunng the fourth second after projectron

4. A partrcle travels in a straight lrne wrth umform acceleratron The partrcle passes through
three points A, Band C {ying in that order on the line, at trmest 0,f=2sand{=5s
respectively. if BC = 30m and the speed of the particle when at Bis7 ms‘l find the o
.acceleratron of the partrcle and ifs speed when at A L

5.A B and C are three pornts whrch lre in order on a strarght road with AB = 95m and
BC =80m. A car is travelling along the road in the direction ABC with constant acceleratron
‘ams-2, The car passes through A with speed ums, reaches B ﬁve seconds later and c
two seconds after that Find the values of u and 8. o : :

: 6._ Acar A travellmg at a constant velocrty of 25ms: ) passes a statronary car B. Two seconds
 later car B sets off to follow A, acceieratmg at a un:form 6 ms—2 How far does B travel before .
: catchrng up w:th A? v X0 : L :

In the followmg questrons take the magmtude of the acceleratron due to gravrty as 9 8 ms-2 a

7. A bali is thrown vertrcally upwards w;th anh znrtral speed of ‘ldflms-'l Find the height above

ground level of the highest point reached and the total time for which the ball was in the air. -

. 8.A stone rs thrown vertrca!ly upwards wrth a speed of 20 ms-1 from a pornt at a herght h
i metres above ground level lf the stone hlts the ground 5 seconds Iater t“ nd h..

_'9 A stone IS pro;ected vertrcally upwards from ground level ata speed of 24~ 5ms—1 Frnd how SR
long after projection the stone is ata height of 19- 6 m above the ground
(r) for the first time (i) for the second fime.- - :

“For how long is the stone at least 19- 6 m above ground level?

:- 10 A balt i rs hetd 1-6m above a concrete ﬂoor and released The ball hrts the ﬂoor and
" rebounds with half the speed it had prror to. lmpact Frnd the greatest herght the ball

- reaches after: . :
- a) the first bounce b) the second bounce '

1 A bullet is t‘ red vertlcally upwerds at a speed of 147 ms-1. Flnd the length of tlme for which __ o
the bullet is at least 980 m above the level of prOJectlon ' . o

- Pagem R
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12 Two stones are thrown frorn the same pomt at the same tlme one vertncaily upwards with
speed 30ms-1, and the other: vertlcally downwards at 30 ms- -1. Find how far apart the
stones are after 3 seconds :

- Answers

1,31 500ms~2 _~20/3ms'2 0 3TBm . 4.2ms2
- 11s80s . 3s . o BBEmM . o 3mst
5.4ms-.1 8 so0m .. 7.10m . 8.225m .
- 6ms2 20T
'9 (|)1s R 10 a)04m - 11108 . 12.180m
(ﬂ)4$ b)01m DT T

Page13 . .
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W’H 2 POSITEON VELOCITY AND ACCELERATEON VECTORS iNCLUDlNG RELATEVE MOT%ON

0utcome Content

Know the meanlng of the terms relatlve p05|t|on relative velocaty and."_
reiative accelerat:on air speed ground epeed and nearest approach. E

8 Be famll:ar with the notatlon |

- -r for the posmon vector of P

: '3':'v =f, for the velomty vector of P .
' '_}Q_ =V, =F, for the accelerat:on ofP '

_ PQ ro —r for the posmon vector of Q relat:ve to P
Vo =lo—I, for the ve!oclty of Q retat;ve to P
g a —a, = vQ vp = rQ r,, for the acceieratlon of Q relative to P

i 2 Resolve vectors mto components m two and three dlmensmns
L leferentlate and mtegrate vector functions of time

~|Use posmon vetoc;ty and acceteratton vectors and the:r components in -
|two and three dimensions; these vectors may be functzons of time.

Appty posstlon vetoc:ty and acceleratmn vectors to solve practlcat problems
o lncludmg problems on navngation of shups and a:rcraft and on the effect of
- |winds and currents. SR : : : '

| Solve probtems mvoivmg cothsmns and nearest approach |

Recap of Assumed Knowledge of Vectors _ S SRR
“You should be aware of the fet[owmg vector detalis whlch were mtroduced in the hlgher
- course: : : :

‘i Know the terms posmon vector and umt vector

-'_'_'ln the diagram the posmon Ofp YA . The posmon vector ofP carries in '_ o
" is given by the coordinates (4,3)." ... . - . the ‘components the dlstance_from :
. The position vector of P is drawn. .. > R 0 and the direction to P. .
1 - fromthe origin O and usesthe - | = - P(4 3) L L
o ;coordmates ofPas its oomponents. EE /! DlStance OP ,,....________+ 3 5 unlts | : :
e -:F_’_o_sit_ion _v_ect_o_r of P is -OP:_: r, :('SJ AN FD‘.T.GC-“Q“ o, jl‘anB ;Z-.'iso _9 e36--99 '-

| : 'A unlt vector has -a magmtude of one umt The mam use of a unlt vector is to
. define a direction. A unit vector for a desired dlrectlon can be obtamed by dundmg
L the components of a vector gomg m the requ;red d:rectlon by 1ts magmtude

: 4)
Cfa= 3 then the magmtude of a, |a| 5 s0a unit vector

- in :the.-same_direetion__es:'g tsg —}(3} IR

. Pagetd. .
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-_:2.: Know the propertres of vector addrtron and muit;phcatron of a vector by a scalar
- _Vector addrtron can be done arrthmetrcatfy or rt can be done prctonal[y

a= b+c -

| 3 '_Scalar multrpilcatlon of a vector can also be |Iiustrated 1n these ways

4y ;-._”3 .:4 "-6 (-2

eg|8|+2/-8|=|3|+|-12]=|-0lor .

1) Lo) 1) Lo) |\ 1

3.:Know and can apply the basrs vectors i and k _ : : :
b jand k are umt vectors wrth drrectrons correspondlng to the X Y and Z axes
x 'respectrvely R -4

: The vector in component form 3 _4r+31+k |
Resolvmg Vectors : R AT : DTN L :
‘This is the opposrte process to addrng two or more vectors to obtam therr sum {t prowdes the

- basrs of much of the vector work in the latter part of this unit.

~ same vector rhas now been resolved so that rsy + v.

: When reso!vmg a vector we start wrth a srng[e vector and replace it wrth two vectors

rexpresses the sum of the vectors a and b as a srng[e vector rcalled the resuitant

a+ +h=
r= g +h b expresses r as the sum of two. vectors a and b ca!ied |ts components

r can be reso!ved rnto components zn rnfrnrte!y many B
‘ways. For exampte rn the diagram on. the right the .

S Itis normal practice in work in two dlmens:ons to resoive a vector :nto two vectors at
o -rrght angles to one another = S : : R

Pagets.
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WORKED EXAMPLE S
: Examp!e‘[

The resuitant of two veloortles is a velocrty of 19ms- 1 S 60° E.If one of the ve!ocrtles is .
10ms-1 due east; find the magmtude and dlrectlon of the other ve!ocrty

_.'Soiutmn L | B | .
For the resultant 19ms-1, S 60° E as shown in the dzagram L
| _resoivmg mtorandi component form. . N"A' o
“a _19311160".' and b-——TQCOSGOOJ " | N RO
| Velomty 10 ms” due east in component form is 10: 6_0‘..’.- N7 I
Let the components of the other velocity, sayu be cand d | _19"51-3:__1' NB0° b
- 19 19 : DA
" Then cr+dj+10 \/—_—_———j
- 193 REETEE
_ So +1O=Tf g:vmg c 6 54...._ T
: a5 N
._andd e 9-5 |
The other vector, u =6- 54:-—9 55 o s o
: For its magmtude and dlrectron refer to the sketch opposrte S E 6-\545’_-
'U' :6 542+9 52 . 9 S
Juf=131.0.. | ER A N -
. Forthe direction e UREPRART RN N
- . 6-54 : :
lan _ .m“9H5—=0 679.:..
9 34.2°

- Direction 145. 8° ors 34. 2 E

Pagets
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Exercise M1.2-1

1. Find in vector form the resultant of each of the following sets of velocities.
a) (8i + 2y ms1, (2§+ 3 ms-1, {-i +4f) ms-1
D) (2] - 5f) ms-1, {3i+7f) ms-1, {-6i- 8f) ms-

2. Find by calculation the magnitude and direction of the resultant of each of the foliowing
pairs of velocities.
a) 24 ms-1 due north, 7 ms-1 due east
b) 5 ms-1 due north, 7 ms-1 S 60° &
c) 72 ms T NB5° E, 20 ms-1 SE

3. If the resultant of (3§ + 4§) ms-1 and (af + bj) ms-1is (7§ - §) ms-1, find the values of g and b.

4. If the resultant of (ai + bf) ms-1 and (bi - gf) ms-1 is (10§ - 4f) ms-1, find the values of a
and b.

5. The resultant of two velocities is a velocity of 10 ms-1, N 30° W. [f one of the velocities is
10 ms-1 due west, find the magnitude and direction of the other velocity. .

8. The resultant of two velocities is a velocity of 6 ms-1 due sast. If one of the velocities is
5ms-1, N 30° W, find the magnitude and direction of the other velociiy.

7. Find the vector of the given magnitude in the given direction.

a) 10; 3 + 4§ b) 39; 12§ - 5} c) 4; -\3i-jf
Answers
1. a) (7i+ 9j) ms1 2. a) 25 ms-1 direction 018-3° or N 16:3° E

D) (- -~ Bf) ms-1 b) V39 ms-1 direction 076-1° or N 76:1° E

c) ~81+0 ms-1 direction 078-4% or N 78-4° &

3.8=4 b=-5 5. 10 ms-1 direction 030° or N30° E
4.a=7 b=3 6. =~ 954 ms-1 direction 117-0° or S63-0°E
7. a)y6i+8gf

b) 36§ - 154

c) -2V3i- 2§

Page 77
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' thferenttation and tntegration of Vector Functtons of Tlme RN

At Higher we considered the pos:tton vectors of fxed points Here we deal wrth the position
vectors. of moving- part;ctes or bod:es and S0 the vectors components are functrons of time.

' thferentlatton '_ i

_ _If P :s a partlcle then we. denote the posrtlon vector of P at ttme tby [
_'tf r = XI +y; +zKk, where X, yand z are functions oft;me then the velocﬁy vector of P is;

o dgp'_dx_ dy . dz
i | R T T T dt”dtk i
Usmg the dot' notatron for the dlfferenttatlon with respect to tzme thls becomes

Vo wr mxr+yj+zk

_The acceleratlon vector of P is a ._m ot -*:L'fp = '__'P_ = )?i—%j?_j_-_«f z_.{g
"Integratton

“Given the part;cte $ vetocrty (acceieration) vector we can mtegrate to fmd ItS pos:tlon (velomty) N
vector. U Lo : _ ;

_ For example : _ . _ .
- Suppose the ve!ocrty vector of a partlcte P IS grven by VP =280+ J +6tk

| Integratmg glves r,, jv df = J(2tr+1+6tk)dt f21+tj+3t2k+cwherec;s the constant
. S RIS . ST vector of mtegratlon

. _'-!n practlce we minimise the notatlon and sumply wrtte the result of the mtegratton as - -

Ip= t2r i 31‘2k +e and determlne (4 from the glven boundary condlttons

For exampie suppose that the partlcie started from the. pomt w:th pOS!tIOI‘l vector r= 21 1 + 5k._ e

'__'Thenr m21—j+5kwhent O soc 2:~j+5kandr _*(t +2)r+(t 1)j+(3i'2+5)k

| -WORKED EXAMPLES -

: Examp!e 2. SR - :
A particle, P moves from the pomt wrth pos:tlon vector »24: —721 + 6k W|th lnltlat velomty

- 4i+ 5k, and subject to an acceleration of 4 - 2k where i, jand kare unit vectors inthe. -

. direction of the orthogonal axes Ox, Oy and Oz respectrvety,_and tis the time, in seconds from R
- the start of the motlon Distances are measured in metres and veioc:tles in ms -1, '

- Find an expressmn for the velocrty of the parttcle at time tand catcuiate the speed of the

.. ---partrcie when ¢ = 2. Find the posmon vector of the parttcle at t:me t ‘When WI[[ the parttcte pass -
: :_through the orlgm'? 2 . S . S .

o Sotutlon _

tt is rmportant to rea!tse that the posttron and velocnty vectors given are for a parttcutar pornt |n s
- time, namely when ¢ = 0. The acceleration vector given is constant for all pomts in t:me and Is -

- therefore the startmg pomt in the problem s sotutton

- : ap, =4j-2k

tntegrat:ng g:ves v, —41‘1 2tk+c : c IS used as another vector constant will be met later

: :n the solution.
Page 18
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'Nowv _4r+5kwhent Osoc m4r+5ki -
andv _4r+4tj+(5 2f)k - _
Whent—2 v .m4i+(4><2)j+(5 2><2)k 4r+8;+k
'Speed'" lv ‘.-_ 41,24-82+12 J_ 9ms C '
Usmg v,,—4r+4tj+(5 2t)k ._ S
_:Integratzng gives r,, __~_4fr+2t21~+~(5t t° )k+c - _
: -..Nowr =__—24r—72_;+6kwhent Osoc :.—24:m721+6k
and r, = (41~ 24)r+(2t2»~72)_;+(6+5t )k |

= 4(t-8)i+2(t-6)(t+6)j+ (6~ t)(1+t)k

__-—(t 6)[4r+2(f+6)j (1+t)k] N

'_Pamcle passes through the orrgm when r = 0 : .
. This oceurs when (t 6) 0 S0 passes through the orlgm aﬁ:er B seconds

Examp[e 3 L

: | _ o D _ -
__'A partrcle P, moves $0 that r = 4tr +z’j for, O < t =< 6 where i and j are perpendrcuiar unl’c

| “vectors and tIS the trme in seconds from the start of the motlon

o '_Fmd the speed of the partrcie at the start and aiso when t 4 (dsstances are measured N
> 3metres) o : : SRS

o Frnd the acceieratron of the pamo[e at tlme t

BN -Solut:on

' ‘ 3¢
D:fferentratlng glves vp = 4r+—~2-~

| When 1_‘3_“._0, g,,_z 4r $0 initial speed = 4 ms”’

s 3542
When t=4, v, =4i+ ’; = 4:+12; sospeed !VIM\/42+122 1/16 ~12 sms

: L e 2% R

: -Usi_ngv .=4i+_~'--—j'- A RN
X2t 3,
T4 -_i_.'_'_2_l

| _'_Drfferentlatmg grves a = 0r+
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Exerclse M’i 2 2

1.

The posrt:on vector of a parhcle at trme tis grven by r= 21‘: + 35’2_{ 4k

_Fmd the veioczty veotor of the partrcie whent IEATRR . o
. The ve[omty of a partrcie at time ¢is given by Voegi- tj if the posrtlon vector of the S

partlcfe at tlme t"“ 0 |s 2k t"nd its posmon atf 4.

._' A partlcie at rest at the orrgln at tlme t“ O has vetocuty represented by the sum of the :
veotors : : ' -

12;+3q,__. --2n +21 3k, -41‘1+3k S

iFmd the resuitant veiocrty vector Fmd also the :nstant the partrcue rs stat;onary, and ats

s -posrtron vector at that mstant

.'Frnd the veloc;ty and acceleratton of the parttcie wrth posmon vector r= 41‘: +: 5t21 + 3k

Frnd the posmon vector at tlme tof the partrcie whlch |s pro;ected from the or;gm thh

- velomty —3k and acceieratron i+

- 3 The. posmon veotor of a body is

k ,.A partlc!e is taunched at trme f O from posmon -5r WIth |n|t1al vefocrty i- 101 and

accelerat:on 4j+{10 - St)k Flnd the velocrty and posrtron vectors at tlme ¢ and f"nd when s

“fhe partrcle passes through the ongm

e r 3tr+(6t—-——)j+(2t—-)k

: _' Fmd the mstant at whrch the body is movmg parallet to the vectorr S
Show that the acceferation of the body is. constant and fi nd |ts magnrtude

8. The posrtron vector of a partlcle is glven by r= t2r + 2f Fmd the velocity vector Sketch the L

path ofthe partlcie and fnd the d:stance trave!!ed in the trme between t= 2 and t=5..

. The posrtson vector ofa partrc!e P at trme trs grven by r at2: + Zazj[ Show that the path of _' = :

Pisa parabola.

Find the speed of P at t = 5

0.

The pos:tlon vectors of two partrctes A and B at trme tare glven by
Iy *tr+(t2 2t)jand r8~2tr+(4t2 41‘)1 ' '

Show that A and B travet the same path

What is the drfference between the mot:on of the two partrcies’? '

The pos:tlon vector rof a partrcle at tame trs grven by r= 101‘1 + (201‘ 5t2)1 Flnd the time at

which the veIocrty of the. particle is perpendicular to its mitlaf velocrty and the pos:tion Vi

. vector of the particle at thrs trme

2.

The posmon vector rofa part:cle at trme tis given by r (t2 + 1).- (tS 2t)1 Frnd the

B posrt!on vector of the partrcte when 1ts velocrty and aoceieratlon are perpendicular

o Page20
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' Answers
1. y=2i+ 3

v ) (12 2f)f+(2 r)_; z‘ 2s
4 y=4i 108 a-101 R AR | -
!_ 3
8

_z
5 31+21
= [ +(4t=10)]+(10f - 31‘2)k ERRINS |
O re(t=5)i(22 100 +(52 -k YT
_.__3Passesthrough0whent 53 RO

4
3
A4
252 A
2 and |a| V10 ms ST R
2t£ Yﬁt =2 .1»txntuatuntnntunt tlsléltln : Path Of

" . |$|l1|’ lﬂli.ll!lllll M : P rtlcie B

9. X = 4— y wh|ch iS the equatlon :

T T TR T

o ofa parabola wrth ax15 of symmetry 8 Ry (. o
_'.j'theXaXIS _ ' S

N ':'-'Speed |v|_2\/—“ams - | B |
. 10.Both Aand B follow a path w:th 11 When t:; s end r= 25:+ 2 '
' equationy X(x -2} L R ARSI L
The acceieratien of B’ is four ttmes '

the acceteration of A. '

| '“:12 Att=0s wherer=i =
._ - and, attwgs wherer:—é:: %—1”_:':' S
| '_:EFFECTS OF WlND AND CURRENTS
..-_:_:f,Example1 i S IR | _
" ._.A wmd is blowmg from the north at 54 kmh~1 A piane can ﬂy at 216 krnh -1in stlll eir

o a)lf the pzlot steers due east on what bear:ng will the: piane travel'?

oe 'a) From sketch tane

~ b) What course should the pilot set in order to fly dueeast? -
c) Cetcuiate the actual ﬂ:ght speed of- the ptane ' '

._}So!utlon S -;' L _.;N_

| I_The plane has two velocxtles the veIocnty ? S : Resultant

" instill air and the velocnty of the wind from s T~ veioc:ty
~the north. P T 54kmh1_- o '

216 kmh~1_

s00.76.0°
Beanng travelted 15104" ST o |
e b) To fly due east the pl[ot L Ny Q
. will have to steer into the et R

- '-'_wmd as shown DR

~ 216kmh1__

54
-cosB_%—GmO 25

'._.'..'__._'soB 75.5° g T ERNTE R | L
% ’!‘he pl!ot w:l! have to steer a bear;ng 075 5° B ) '.c) The actual veiocuty of the plane is v _;_ SEEAE

U 2162 542443740 e

5 Ac;tual speed |V[~209 kmh’
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_-ExampteZ | S . | S
| A boat can travet at 3 5 ms-1 ln st:ii water A nver is. 100 m, wrde and the current fiows at
2 ms-1. . _ R : .
' Calcutate g . : . _ . I .
- a)the shortest time taken to cross the river and the drstance downstream the boat is carned SR
~b) the course that must be set to cross the river to a pomt exact!y oppos;te the startmg pomt 5
and the trme taken forthe crossrng : : S : SR
-'Soiution S - | R . .
To. cross in the shortest tlme the maxrmum component of vetocnty poss;ble must be set _
.directly acrossthe nveras shown LT R S e R R -3L S
-'a)Trmetocross.; R'Verw'dth 100 S T R T
o 35'-'i35
b 28 57... : SRR, c_ur'.&ent;:-'z' 'm_s;'q? 5 me _3 '__'_,-;_-j‘-_-"
B -Dlstance travelted 28 57 ><2 57 m ST e P ey S0
" downsteam to L TS N o AT
~The tlme for the qwckest crossang rs 28 6 s and the _ :
distance travelled downstream NETmM e o

S 3EmsUN

| To make a crossmg to M whlch is dlrect{y opposute the start;ng pomt the boat must be
_ headed upstream into the current as shown. '. _' e ML -

" b) Tocross to M the resuttant velomty v, must
bedlrected asshown _ TR S
srne_.35 =0- 571 b _ Currerxi;z mzs 191_
 s0b= ~34:8° SRR CONST
The boat has to be headed 34. 8° upstream R 35"‘91 rY o
. The actual speed of the boat i is ]vf : B ok R
 andf=3.5°-22=8.25 |
'_:'-so|v|M2 g72.ms"
' _River w;dth 100 o
® T ol TaEnn
L .f.~348$ e
- The boatmust be headed upstream by 34 8° to'.-'-:"" S
| "_;“._.cross dlrectty and the t!me taken WIH be 34 85

s -'Tlme to cross =
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| :Exercnse M1. 2-3 . B an R T

' 1 A man weshes to row: across a nver to reach a pornt on the far bank exactly opposrte hrs S B
S startrng point, The river is 100 metres wide and flows at 3 ms-1. In still water the mancan .~
_row-at 5 ms-1. Find at what ang!e tothe bank the man must steer the boat rn order to R S
complete the crossmg, and the t;me taken T TR I

. 2.A grrt W|shes to swim across ariver, 100 metres wrde as qurckiy as possrble The river -

~ flows at 3 kmh-1 and the girl can swim at 4 kmh-1.in still water."Find, the tlme that it takes the s o

' ?grr! to. cross the: nver and how far downstream she travels

3_.:A p]lot has to fly her ||ght arrcraft from arrport A to arrport B 100 kt!ometres due east of A tn .
~ still-air the. awcratt flies at 125 kmh-1. If there is-a wind of 35 kmh-t blowing from the north, r
:fcnd the course that the pr[ot must set in; order to reach Band the trme the joumey takes R

4, Two arrﬂelds A and B are 500 kllometres apart wrth 8 on a beanng 060° from A An atrcraft
~ “which can travel at 200 kmh-1in stltl air, is flown from A to B. If there is a wind. of 40 kmh-1 0
_ “blowing from the: west find the course that the. pllot must set rn order fo reach B and fmd to SNTRE
the nearest minute the time taken. .~ - BRI L

e __5._'An atrcraft capable of ﬂyrng at 250 kmh -1in strll arr :s ﬂown from a|rport A to airport B

~situated 300. kllometres fromAona beanng 3200, If there is a wmd of 50 kmh-1 blowmg

- from 030°, find the course the p;lot must set and frnd to the nearest mmute the time taken
- “for the joumey : SRR L SR : :

. B.A man wrshes to rowa boat across a nver to reach a pomt on the far bank that is 35 metres _' S

S _ '.downstream from his startrng point. The man can row at2:5 mst in strll water. tf the river. tS

i "__50 metres W|de and flows at: 3 ms -, fmd two possrbte courses the man coutd set and frnd
o the respectsve crossrng tlmes ' SIS . R R T

R 7.'When swrmmrng in a nver a man frnds that he has a maxrmum speed vwhen swrrnmmg

o ;-'-downstream and v when swrmmmg upstream

o _A'nswers B

eooa) Find an expression. for his maximum speed when swrmmlng in Stt" water SRR
i _,_'b) if the river is of w1dth W show that the. shortest ttme in whsoh the man can. swrm across 1s :

w(v-u)

2w g
7 and that such a crossmg woutd take hrm a dlstance of —-«;_T downstream from h|s

S startlng pomt | SH . . SN | G
-+ ¢) ifthe man wrshes to swam qurckly as poss:bte from a pomt on one bank fo a pomt exectty
' opposrte on the other bank show that he must swrm |n a dlrectron that makes an angle '

v-u w S
L cos (M) wrth the bank and that the crossrng will take a trme
; vty i «/w-_--

RRE B 53 3" 25 s 2(253;75 moo 3 073 7 50 mrn S 4 054 3° 2 h 8 mrn
B, 330 8°; 1 h 19 min 6 45- 6° to bank upstream or 24 4" to bank upstream 28 s 48 s

R - P89'923 S S RN L
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RELATNE MOTEON L

o Suppose a car is movmg at 70 kmh 1s. bemg overtaken by a car movmg at 80 kmh 1 ona S _
motorway Toa passenger in the faster car who looks back, the slower carmay seemfobe =

- moving baokwards To a passenger in the slower car; the faster car.is pulllng away from hlm _ _- '

o 'slow:y The speed of the faster car: relatlve to the slower car s e

L - 80-70=10kmh1
" The speed of the slower car relatrve to the faster car iS | -
B e 70- 80—~10kmh1 '_
__'lf the cars had been gomg ln opposrte dlrectlons then thelr reiatave speed !s
IERER AR e | 80- (~70)~150kmh1 SRR
- -.:Whlch is elso known as thelr speed of approach

R B This example lllustrates the ldea of relatlve motton There isa sense in whtch a!l motlon is. -
. relative. When we stand still and watch objects move, we lmagme we are at rest, when in fact - -
‘the Earth, relative to which we are at rest, is both spinning on its axis and’ rotatmg around the e

- Sun These zdeas were developed by Albert Emstem (“everyihmg is: relatlve")

. “In deallng wrth retatlve motion away must be found of descnblng the posrtion velocrty and o
. acceleration of one body. relat:ve to another body. It is umversally accepted now that the use of_

B - vectors is requlred with the fo!iowmg notatlon bemg the one we shall use..

- “With respect to O ‘Pand Q have mstantaneods

W ‘The notatfon we shall adopt is ofp represents S A RN L Q

'j'-'Relatrve pos:tlon ve!oclty and acceleratlon FETRA T
The diagram on the right shows the pos;tlons of YA
' two bodies P and Q and a fixed origin O. L

' posrtlon vectors gp and .

" The mstantaneous pos:t:on vector on relatlve toP SRS AR
is PQ | .- T RERRNTEN '_-ﬁ-ﬁ-’-"’_'
Now PQ PO+OQ S0 PQ- "Q“"p e SRR R 4

atp

-_'_theposmonvectoronrelativetoP - N/ B i i

e e G O
The COffespondmg express:ons for velocrty and acceleratlon are B
. - The velocﬂy of Q relative toPls Q¥ and VP_.VQ Vp |

The acceleratlon of Q relatrve toPrs a,, and olp = aQ ~.a R

- Worked Example

o : A Shlp is sailmg due west at 16 knots and a boat is sailmg at 12 knots ona beanng of 340°

= Find the velocity - of the boat relative to the sh:p

Solution

- Ifvsis the Veloelty of the Shlp and Vs is the velocaty of the boat then the velocrty of the boat '_ o
- relative to the velocrty of the ship, BYs. IS VB-Vs. Ways of evaluatmg vp-Vs mclude usmg

trrgonometry and resolwng the velocmes :nto components Both methods wrll be consrdered
'_;-._égonthenextpage | SR I R SRRt



 Method 1 - Using Trigonometry
Using the Cos:ne Rule
v = el = 2lrglgfoosTor !
| _sof ng ___1624%‘[22 2><16><12><cos?0°;_.__'_.'__ =
o[ = 268:6... .
I v l~16 4knots
'Usmg the. Sine Rufe
sina® sm?O” -

16 ~16.3...
jsma =0- 917 |
& ~66 5°

The bearmg angie of the relative g
' veiocaty 340 +66- 5- 360
=46 50

- RPM/2001

So the veloc:ty of the boat re!atlve to the sh:p is 16 4 knots on a beanng 046 5°

Method 2- Resolvmg Vectors

- _-Forthe shipv —16:and for'the boatv -1200370°:+123m70°;
So- vsm_v (16 1200370“):+123m70°; gy

a”d| Vsi —(16 12cos7’o°) +(123m70)
s vj 2286-6.. -
oy ~16-4 knots_ :

1 0
~From diagram opposite tane 6 1200870 =1 054

_ 12sin70° "

o The ve!ocuty vector daagram shows the
' f_relatlve vector Bvs :

: ...\1.2s.m7.001. _.: B

3 oo

.(16 1200370"): L

S _So agam the veloczty of the boat relative to the shlp is 16 4 knots on a beanng 046 5°." '

o Pagezs
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_Exercrse M't 2-4 T

’i A yaoht anda trawler Ieave harbour The yaoht traveis due west at 10 kmh 4 and the trawier
due east at 20 kmh-1. What is the velomty of the trawler relative to the yacht’? '

2 Parttcle Ahas a veIoc:ity of (1 2i+ 51') ms-1 and partlcle B has a Ve[omty of (4: + 31') ms -1, B
Frnd the vetocrty of A relatwe to B. TR

3 A civil arrcraft is mov:ng with ve!ocrty (300: 1001) kmh -1 and a frghter arrcraft is movrng
| wrth veloc;ty (400: + 5001') kmh 1. Fmd the. vetocrty of the frghter relative to the cu\nl alrcraft : 3'

4, The veloc:ty of a particle P at’ trme ti is 61‘: 21 The veiomty of Q relatlve to P at tlme t |3
~4ti+ 5] Find the vetomty of Qat tn*net S |

5 ‘The velocrty of a particle P s 2; 3t2_g The veloc:ty of another partrcte Q relatave to P rs
2tr +2f I Q is tnltraily at the point § - J, find the. pos;tlon vector. of Q at time t '

- 6 Two partrcies Pand Q start srmultaneously from 6] wrth :nltlai velocmes 20: + 301 and
. 25: + 15§ respectlvety and both move with acceleratron 101 -
' . Frnd general express:ons for Qap, Qvp and Q Ip.

7 A ship P.is steammg NSO"W at 15 kmh-1, A shrp Q is steamlng due S at 25 kmh-1, _
Produce two d:fferent solutlons to flnd the magmtude and dlrectron of QVP (Asi m notes)

8 A sh|p steams due south at 20 kmh 1 while a power boat moves S60°E at 70 kmhr1. Flnd '
“the apparent velocrty of the power boat to an observer on the ship. :

9 Amanis. cyclrng along : a Eevei road at 6 ms-1 Rarn is fathng It falls vertlcally at 8 ms -1, =
3 .Flnd the apparent speed and dlrectron of the raun to the. cychst SR '

= _1_0.' Tothe same cycllst as m Q.9, still rtdlng along a ievel road at 6 ms-1 the mewtable ram

'appears to be fallrng at 12 ms- 1. If the rain is aotually failmg vert:cally, ﬁnd the actual speed_-' "

- oftherain. _ _

11. Three partlc!es P, Q and R are rnovrng W|th constant veloslt:es The veiocmes of P. and Q
~are i +3jand -4§ +3f respectwely The velocity of R relative to P is.in the dwectron 3: + 21 -
- and the velocrty of R relative to Qisinthe dsrectlon 7i + 31 : '

F ind the actual velocity of R.. ' 3 :

o2 A boat Pis moving due east at 9 knots and a boat Q is movmg N30°E at6 knots A boat R - .

o 'appears foan observer on P: to be sarlmg due south and to an observer on Q tobe

" sailing S30°E. : SR L -

- .~ Findthe actual velocrty of R _ . RN

S A30A man waikrng due east fmds that the w:nd appears to biow from due north When he
-“doubles his velocity he finds that the wind appears to blow from NE. ' o

- Find the dIFeC'EIOﬂ from Wthh the wrhd IS actualty blowmg '

- -Answers

1,30 kmh1east 5 '2'(8i+'21') ms1 . . 3 (100i+6001') krnh1 4 VQ 2ti +31 :

- 5.1= (t2+2t+1)r+(-t3+2t N e Qap= 0 Qvp = 5r~151 afp=5ti- 151‘1
- 7..35 kmh-1; 158 2" ~8.62:4ms-1; 103 9° 9,10 ms-1; 36:9° from vertical -
10,104 mst B 10'+91 0 12.104knots; 120° +13. From NW
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- _COLLESION COURSES _ . SR . .
Cn this. class of prob[em we have two pianes Shlps or: partrcles movmg wrth constant veiocrty =
.and given their initial posrtions we have to show that they will, if they: continue to move with -

- these velocities, collide. There are two contrastmg ways of tack!mg prob!ems of this type and
both are |I|ustrated in the followmg worked examp[e SRR . : :

' Example‘l _ _ _ . . R -
";At noon. the pos:tion vectors rand the veloc:ty vectors v of two ships A and B are as follows
= (5i- 3J) km S TR e VA~(21+ 5f) kmh-1- SRR
'-':: fe=(7i+5)km . vs-(3: 151)kmh"

-_ﬁShow that if the velocrtles remarn constant a COHIS!On will occur and flnd the tlme of the "'
 collision. and the pos;tlon vector of the point. where lt occurs. - -

‘Method 1 o : : : o S 2

. -The idea behmd thrs method rs to srmpllfy the probiem so that on!y one of the shrps is o

~considered to be moving. It is then a stralghtforward process to see if the statronary shtp is on
the straight l!ne route of the movmg ship. - : - T
~ Consider two ships A and B initially at po:nts F’ and Q

Als movmg wrth constant velocrty and B w1th constant

} velocrty VB. SO 2 -- :

.~ Byi rmposmg a velocity of *..B on both A and B, then Bcan | .

“ be consrdered at rest and the resuttmg velocrty of A s

"-f.__A"‘(-'VB) VA-VYB= AVB.

. Thusif avais in the dlrectlon of PQ, the Ime jommg g the oragmai pos;tlon of A to. that of B, then g

durmg the course of the motzon Aand B will. collide. In other words, th and B are to colirde A SR

| -must appear to come stralght towards B."
__ PQ FB—r_m7r+51 (51—31) 2:+81
and Ve =V, v3_2r+51 (3r~151) 5F+201—2(2i+8j)

= :._:SO PQ is parallel to vB and a; colhs;on wrﬂ occur.

" The dlspiacement from PtoQis 2: +81 S0. usrng d .tv S

"'--'.-"-2;+81 t(5r+201) grv:ngt 2 h= 24 mm

" The position ofA (and B) when t=%isr= 5:—3; +tv i -

r= 51~3j+5ﬂi+5]):§“§*!—j

" Method 2

e 'The collision will oceur at 12 24 pm at the pomt W|th posrtlon vector Tr —J

S The. second rnethod has a much srmpler basrc |dea A collrsron waii occur ;f the two shrps are
ot the same pornt at the same time. The solution requrres genera! expressrons for rA and rB -
as functions of time, to be found. . ' SR S SRR

L .:Startlng with the constant veiocmes

-.__. .,,..21+5_; =~—3r--151 .

[ Integrat:ng glves I, _.2t1+5tj+c T _——.~3fl~15f1+6‘

_?Whent 0'r,=5i-3j sog, _51——31 and r =7i+5j sog, —71+51 -
le:ngr —(2t+5)1+(5t 3)1 and r __(7 3t)r+(5 15t)1
" PageZ? PRRTIE R



| For a colhsnon to oCCUr ¢ r =Fp at some mstant m tsme where i > O
So fora co!ilswn (2t+5):+(5t 3)] (7 3t)f+(5 15f)1
| Gwmg 26 +5=7 - St and 5t 3=5- 15t '
| ~ 5t=2  and 20f= 8
| G t=1% ...;.f-‘and =2 o |
L So the posnlon vectors of the shlps are the same after §h 24 mm at 12 24 pm
- The posmon vector of the colilsmn is (2 X5 +5):+(5 X% —3)_; | R
g 5 '-“_'f'}*——s"l—jas before R o
-Exampﬁez Lo SUDREE

] At t= Osa partrcle A starts from the pomt i- 41 and moves w&th constant velomty( 3 43 1) ms
: Simu!taneousty a partscEe B starts from the point -3i + 5] and moves with constant velocny

i _.'RPM)2001 R

- (i+aj)mst IfAand B collide find the time of the colhs;on the vaiue of a and the posmon A
-~ vector of the point of collision. SR - R o

: 'Startmg with the constant ve[ocﬁtles SR |
o 8 VA=§H“2J FEES :! '—i+'aj :

L Whent 0 ra ~:—41 soc :s—-4_; and r, :_--3:+5; soc, =__—3:+5;_.-"f'
' lemgr _(3t+1)1+(2t 4)f and rB—(t 3)1+(at+5)1 |

o For a colhsnon to occur r,= rB at’ some mstant in time where 120
- - So for a colllsmn (mt+1):+(2t 4)1 (t 3)1 +(at +5)1

lemg TE+1= t 3 and 2t 4 at+5
: B 2t _4 o S .
TR : _ t6s__ RRT N

| ___Substitutmg fortln theycomponent equatton glves 2><6 4 Sa+5
' ' e soa~1.
L So the posmon vectors of the partlcles are the same after 6s.
The pos:tlon Vector of the colllsmn |s( ><6+1)1+{ x6 4)1

. . S —3:-——1.'-'



_ iE)ter'ctse M‘t 2-5 _ _ - SRR _ : :
| __t,'Repeat Exampte 2 on page 28 usmg the approach outhned in method 1 on page 27
_ :2.-:-Inrtsatiy two boats A and Bare 100 metres apart with A due: east of B. A has a constant
B velocity of (2i + 31') ms-1-and Ba constant speed of 5 ms -1, Fmd in vector form the veloclty
RS ofB ifitis to tnterceptAand ﬂnd the time taken to do $0.. e
- 3, Inftially two boats A and B are 48 metres apart wrth B due north ot A A has a constant .
ST veIocrty of (5r + 4[) ms1 and B a constant speed of 13 ms-1. Frnd rn vector form the vetocrty sh
: _'}-_'ofB if |t rs to mterceptAand flnd the trme taken to do SO S
4 At noon the posrtron vectors rand the vetocrty vectors vof two shrps A and B are as '_ o
i to!tows S T SRRt
" _A (!+7.ﬂ km i .,.A (6r+21') kmht el
re=(6i+4h)km _i Ve=(4i+8)kmht

RPM/2001 o

i :*Show that If the vetocntres remarn constant a coltrsron wrll occur and fand the trme of the | : e :

2 collrsron and the posrtlon vector of the pomt where it occurs

L :' ﬁ_5.' At noon the posmon vectors rand the velocrty vectors v of two shrps A and B are as .
"fotiows . S SR
' (5:+ 21') km BN R (151+ ‘501) kmh 1 ' _' _
o = (7i+7)km Ll VB (91 - 5)) kmh-t .
Show that if the vetocrtles remarn constant a collrsaon wrti occur and frnd the ttme of the S
: cottrsmn and the posrtlon vector of the pomt where it occurs . o

8. At 11. 30 am a naval fngate |s at a place wrth posatlon vector( Br + 121) km and is movmg
. with velocrty (1 6i-4j) kmh 1. At noon a naval destroyer is ata place with posrtron vector

f.‘? “(12i - 151) km and is movmg with velocny (8i+ 16j) kmh 1. Show that if these vetoc:tres are
o rnaantarned the two shrps will: collrde and fmd when and: where the collrsron occurs L

- : 7 At noon a passenger jet has a posrtion vector (—1001 + 2201 + 10k) km and a velocrty vector _ﬁ; |
- (300f + 400j) kmh-1. At 12.15 pm another. passenger jet has a posrtlon vector EatE '

( -60f + 355 +. 10k) km and a velocrty vector (400j + 300j). kmh-1. ‘Show that ifthese velocrt;es o

are marnta!ned the Jets wrll crash rnto each other and fi nd the tlme and posrtron vector of
thecrash : R . , . S

.8 At a certam ;nstant two partrcies P and Q are at pornts Aand B whrch are 150 centimetres
.. apart with B due east of A. Particle P is travelling at 10v3 cms-1 due south andQis .
. fravelling-at 20 cms-1 in a direction S30°W. Show that if the velocities. remam unchanged a L
collrsron wsII take place and t" nd the tzme whrch etapses before rt does so SR

L Answers

16sa=-13-f 2. (4:+3p mst 503 3 -(sr-'tzjjmsr”as' i; 4. 12 3opm (4r+81')km_'.‘-_- e
_5 12.20 pm; (10r+ j) km o - 6.1.15. pm; (22r+51') km LI o

712 36pm (801+4601+10k) km B.15s



" The distance between the
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. :NEAREST APPRQACH _ |

In this class of problem we have two planes shlps or partlcles movmg w:th constant veloctty
~and given their initial pOSItlons we have to determine when they will be closest to one. -

S another. As in the last section there are two contrastmg ways of tacklmg problems of this type
' :and both are itlustrated i in the followmg worked example ' : :

i _"_Worked Example o

e At noon a ship is 10 nauttcal mtles due north of a boat The Shlp is sallmg due west at. 5
16 knots and the boat is. salllng at 12 knots on a bearmg of 340" Fmd the tlme when they are
- closest together and thelr distance apart at the tlme S : e

. 'Method 1. L : : : .
__ ;The idea behind this method is: to sn‘npllfy the problem S0 that only one of the ob;ects is
- considered to be movmg Toan observer on the. sh:p the shlp appears to be stationary and

_-the boat is travelling W|th velocﬁy Bvs g’g—; vs e Velocuty vector
: e o ' S ST daagram
._--_rFrom the flr_st_-daagram on . NA.' e N
~ thelefiitcanbeseenthat . .- R -;-;,. S IR 16
- the boatis at its closest. . —2 | v aihof Boal - - &

S ¥~relative to the

.pos:tlon to the shlp when the o ship,

~boatis atR on the path. of_ the
boat relative to the ship.

~boat and ship at thls pomt is -‘f . "'sV:’s'

To. be. able to calculate PR the snze of APQR must be f rst found

. | 'From the velomty vector diagram usmg the cosme rule

L, vl =122 1162 - 2x12x16cos7o° o
B ],‘ay;_:s_'|=ﬁ_1a_-39.-_-.-._ e o
Now using the sine rule

sme"' sin70°

_"16 K v]
s_l'ne"ms”ﬂ'.70 x16
S !Bvsl R
"""_.'sme"m() Q17 s R e
v .e.~66 o N | 'R-"'-
BRI 3 SN Usmg T.~.D thentlmetaken = Q
--_-_-SO ZPQR = 66-5-20 = 46. 5“ Sos |8Vsl o
'Us;ngSOHCAHTOA g R R, 10xcos46 50 L
SRR e e 16-39...
o sm46 5 PQ o s ST _0 420... h
'_soPR Pstm46 5°_10><sm46 5° S A 25 min
PR 7 25 nautlca! miles Boat is closestto the Shlp at12 25 pm




o R '_'-R_PM/zooi -
i_ Method 2 _ o | SR T
Wath this method an expressmn for sfs IS found and then, wsth the ald of catculus the
._"mlnrmum vafue of l l is. caiculated : ' S

o Forthe sh:p v = -16: ‘and for the. boat Va _.”12.00870qi+128_1":_?.7'_-002“-- i
Starhng with the constant velocstres R TR TIPS TE A

ve=16E = ;'1'_2_co$'7o°i_+_1"_2sinzo.°; S
'_.Integratmg g;ves : TR T e
"_ = ~16t S TR R P AL R &% m~12£cos?0°f+12tsm70°1+c

W’hent Dr m'lO_; 3001_101 and_~ =0 soczmo " |
- lemg Is= - —16ti +10j and r -««—12tcos?0“;+12tsm70°1'.:- - iles.

_--Nowus;ng rsmrB rS RIS -

pFs =(161- 12tcos?’0°):+(12tsm70° 10); |
'.:__Givmg ’Brsi _(16 1200370”)212+(12tsm70° 10)2

o[ =288 7:2 -225.5¢+100 o

- Th:s lsaquadratlc express:on in twhich hasamlmmum vaiue

= ] rsl has nts m!nlmum at the same tlme as | rs] has ltS msnsmum

' and_it _is easi_er.to finc__i' ‘;";si _t_ha.n !;;s_-i.i[TRY'lT-AND 'B_E.-CON_VIN_CED] SRR

g0 Tt 537 4t. :225 5
'_:_O'-.dt__” e : AL
- The minimum- value of| r ] oocurs when 537 4t 225 5 O o

225.5..

o 5374
o Closest iogether at 12. 25 pm

| --Atthusnme[ rsl _268 7><(0 420) —225 5x0- 420+1oo RN
o enf=s26 -

i r |~7 25 nauhcal mlles as before

~0. 420h 25mm

R

10-néutical_- o



. Exercrse M1, 2 6 - FE
1. At noon the posrtton vectors rand the vetocaty vectors v of two. shlps A and B are.as
follows: B L -
 m= (9;+6j)km o _j;\{As—,(3_r+.12ﬂ'kmh-1_._
| Cre=(16i+8)km -i-'_;\:s'-.,-._(-sﬁ 31').kmh-1-_ .
. a) Fmd how far apart the shrps are at noon o : - '
~ ) Assumrng the velocrtles do not change fmd the Ieast dtstance between the shlps in the
_subsequent motion.
¢) Find when this drstance of closest approach occurs and the posrtton vectors of A and B
'-3_atthatt|me . _ _ B S RN L R ia b _

2. At 9 am two. sh;ps A and B are tt ktiometres apart wrth 8 due west ofA A and B travet wath
- constant velocities of (-4i + 3f) kmh- -1 and (2§ + 4 kmh-1 respectlveiy Fmd the' least :

'drstance between the two shrps in the subsequent motron and the tame to the nearest -

" minute, at whlch this srtuatron occurs. S SHASS o

- 3. Two ships A and B have the foHowmg posrtion vectors rand velocnty vectors v at the tlmes

md:cated Ll e : -
e (3r+1‘)km : vA -(21+ 31') kmh-1 - a_tn_oon- N
rg (2i- j)km i vB (3:+ m kmh-t . at1.00 pm.

' "Assummg the shlps mamtam these velocrtres frnd
~a) the position vector of ship. Aat1.00pm - o
b) the distance between A and B at 1.00 pm oo
c) the least distance between A and B during the motion L
e d) the time, to the nearest mtnute when the Ieast dlstance occurs

4. Two alrcraft A and B are ﬂymg at the same alt:tude w1th velocmes 180 ms-i due east and

240 ms-1 due north respectrvely Initially Bis5 kilometres due south of A. Given thatthe - -

" aircraft do not change their. velocrties find the shortest distance between the aarcraft in the _;
subsequent motron and the time taken for that srtuatron to occur. : L

5 A road runnmg north to south crosses a road runmng east o west at a junctron O John
: _cycles towards O from the west at 3 ms-1:as Robert cyc!es towards O from the south at
4 ms-1. Initially John is. 600 metres from O when Robert is 250 metres from O. If John and
; _Robert do not alter thelr velocnhes find the teast drstance they are apart dunng the mot:on
- and the ttme taken to reach that srtuatron ' - L :

) 6. Speedboat B is travetttng ata constant velocaty of 10 ms 1 due east and speedboat A s

| RPM/2001.

~ travelling ata constant speed of 8 ms1, Initially A and B are 600 metres apart with Adue - o

south of B.'Find the course that A should set in order to get as close as possrbte to B Fmd
“this ciosest dxstance and the trme taken for the s;tuatlon to oceur. e

o 7 At noon two shlps A and B are 52 krtometres apart with A due west of B and Bi 18 travellmg R
- due north at a steady 13 kmh 1.1f A travels with a constant speed of 12 kmh-1 show that for SEE

" 'Afto.get as close as possible to B, A should set a course of Ne"E where sine° =

- -Find thls ciosest dlstance and the ttme at WhECh :t occurs *"*

- Answers -

ALy a)25kmb)15kmc)120pm (-5 + 22 km; (4:+101)km 2 181 km 1047pm ERTERN

~ 3.9)(5i+4) kmb) 583 kmc) 1-70km d) 2.21 pm 4. 3 km; 13 s 53%0mi2s
6. 0533° 360m 8083-2 72km~1258pm DN _ AR _ SRS

' L S Page 32



- .s Integratmg g:ves .

o __"Integratlng agam grves |

m 3 MOTtON OF PROJECTELES IN A VERTICAL PLANE s

Outcome Content

- trajectory, time of fhght range and constant gravrty

vertlcal components

- expressrons for x ¥ x and yin any partrcuiar case

' g -prolectrle

{of pro;ectton fo achleve this. :
1Find, and use, the equatlon of the trajectory of a pro;ectile

o constant gravatatronat force and negiectmg atr re31stance

Know the meamng of the terms pro;eotlles vetoczty and angte of pro;eotlon "
So]ve the vector equataon F= —g J o obtarn rin terma of rts horrzontat and

| Obtam and solve the equatrons.of motron X = . 0 and y .—g', ob_t_a'i_ning
Find the t{me of ﬂlght the greatest height reached and the range ot a

{Find the ma)umum range of a pro;ectrle on a honzonta! ptane and the angle

| Solve problems in two-dimensional motion involving pro;ectrtes under o

© RPMR0OT

| Pro;ectries are bodres that are thrown dropped or iaunched mto the arr under the mfluence of o
- -gravrty only Prcuectrles have. no means of controt!mg therr motron Irke for examp!e a rocket '

. n modelhng the motron ofa pro;ectite certain assumpttons are made wviz., that the motzon is
“‘under constant grav:ty and the air resistance can be, ignored Furthermore we consider the '
.body to be a part:cle and so rgnore any aerodynamrc effects due to the shape of the body.

o Gra\nty acts vertrcaiiy ifthe unit vector j is: taken to have directaon vertrcally upwards then the

- . motion of the prOJected particle is descnbed by the vector equatson r= ——g j

ZSoIvmg the vector equatlon r= . gl .

f_:'-A pro;ectlle is taunched from the ongm wrth YA
_ inlt_ral velocity ¥ and angle of projeci_:ron_a _ :

"—._—Qf -

:--_'r"““~9't.l+°1 | o
_Whent -0, F= UCOSOL i+using® i whereu—~iu|

S0 F= UCOSOt r+(usma —gt)j SUEN AN ___[1]

B 1 e R4 0
r= utcos::x l+(utsmoc ___zgt )1+02 g ‘ucosa !.

'ﬁWhent 0 r= 0 so c =0 glvmg

.'r utCOSOL r+(utsm0t ”‘”‘;‘gt )J 1 {2] S

"""_:_-'Comparmg [1] wrth P= xr+y1 we have x uCOSoz and y usma mgt

| pagess

\usin o]

A _..-Comparmg[ ]w:th r= xr+yj we have X = utCOSa and y utsmd -—.zgt?:..__ S



Tameofflrgnt e R S NN el
The prOJectlle is in flight as iong as y >0, When y 0 the pro;ectrle |s erther at the pomt of
-.bemg launched or is return:ng to the Eevei ground Thrs srmple fact can be used to determ;ne
the time of firght : : : : .

. e .
' Startrng wrth y = ut sma - 2gt2 )
' 1
} !fy 0 then utsrna —'-2 grt2 - 0

80 t(usma - gt) 0 R

| Hence y 0 when £=0 or t W_M ;
- t 0 relates fo the rnstant of pro;ectron whrle t = T is the trme of the fllght. |

."'Range of the pro;ectlle ' _ S S
The horrzontal drstance trave!ied by a pro;ectrle is called rts range

R The trme of the flrght is 2—#:—~—— and we found thatx utcosa

AR .2usrna- ST 2usino’ 0 2u srnoc cosa®
When £ = == -,.'X':UXW.xcos(x - —

- : B WP sin20°
but srn2or *—ZSma cosa so x~-——r

O | ' | | - ' u? sin?2
. '_ and the range of the prorectrle on the honzontal plane is R N ——fg——a— .
Note that when f= _9_8_519&_ _and 's_ub_stitu_ting into ou_r.e_arher res_u_lt for_.y_; '
o R S 2usina g DN s ST . ..
: -_-;glves V= usrna - gmw;*—m —u srna showmg that the prorecnle hrts the ground wzth a

i speed. equal to its initial speed. -

'._"-';The max:mum range on the honzontal p[ane

-.From the formula for the range of the prorectrle it follows for a grven value ofu the maxrmum
~ range will occur-when sin2a0 is amaximum. The sine function has a maximum value. of one

o “when the angie is 90° So for the | maximum range 20.= 90, thus the maxzmum range on the -

___'_honzontal plane is g;ven by Rmax :__l; when o= 45 _' __

L " The greatest helght

The greatest herght wrti be reached when the vertrcal component of velocrty |s zero

a_'-Usrng the earher result fory ify D then usina® —gf 0

S whrch gwest---—___-"-;.‘r q -

”--RPM_/zoor__ B



- The shape of the trajectory -

RPW/2001 -

1 .
gt2 and substrtutrng fort

Usmgy utsrnor —2

o usm
' grves H U x

xé"h '_1' (usrnor Jz
Txane 2gx_-g-__[.

' Cwsin?ol 1 u? sin® o°

Note the time to reach the greatest helght = :u Sga __= %2??;& =5 time for whole ﬂlght

_'The tra;ectory of the pro;ectrle is the path traced out durmg the flrght We found earher when o
: solvrng the vector equatron r = —g ;, that the solutlon for r had the components ' R
L ox= utco.m _;[3]_ and y utsma --~2gt2 e [4]

) -The equatrons [3] and [4] are known as the parametr;c equatlons of the trajectory, .wrth

- parameter £ R SR | o
s To obtam the mathematrcai relatlonshrp between x and ywe have to remove tby substatutlon

: X ._
_ Rearrangmg [31 grves t —mucos_a"’ then suhst;tutrhg for tin [4 ] glves .

e _u X .s.rn e ( x)z ..:“'But sino’ —ta'n'..lé"
YT uCosa (x_.~2gr ucosa’ T eose® T
So V= xtana Mm~—-—~—2u pevcyu e SRR ..[5]

- Thrs is the Cartesran equatron of the tra}ectory of the pro;ectrle it is of the form y ax + bx
whrch is the equatlon ofa paraboia. : : ' '

'-The equatlon y xtanor —M—*L—d-x provrdes another means of frnding an expressron for L

2u® cos?

- the range of the pro;ectrle on the honzontal plane. The prOJectrle meete the horrzonta[ plane at ':- . ;:

| -two po:nts the pomt of pro;ectlon and the pomt of return Both po:nts have y= 0

‘ So at these po:nts xtana ——Lx;2 =0 f ;
_ o 28 cos_o_r RN
gl\nng x(tana -—~—-g———x] =0
2u®cos®a _ .
sox 0 or tanoc Lx:‘ol_”
- 2u”costa ;
B o 2u%cos? ol tana® _u srn2a o
x=_0_ OF X = s : —— as befor_e.
' ' ' Cu sm2<x S
. The po:nt of pro;ectlon rs where X = 0 and the pornt of return gzves the range R =,

__'Page 36
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: The shape of the trajectory contmued . P -
Before we can contmue a new tngonometrrcai tdentity has to be esfabhshed but first 1t has to -

- be po:nted out that there are three addttlonal fr:gonometncal functions These are:
T :
. cosecx = CS@CX = -._cotanx__ = 5
smx__ S cos_x S - fanx”

The equatlon of the trajectory contams 70" It is found convenient to replace this

wrth sec o _ o _ . o _
Startmg wrth the ldent:ty first met in fourth year sm x +cos x _1 and dl\ndmg

sin® x° cos x°
cosix® T cos x _*_cos"’x_

L "Sinx" RO SR
in four_th ye_ar, .tanx_ = o5 %" and also substrtutmg for - gives the combined identity:
R - eosx _ | cosx™ T SRR

__ through by cos x g:ves .'Usmg th__e_o_ther ldentrty.ai_so. met

ri‘anz.'x‘-J +1=LSe02'x_'°__ L

-The equatlon of the trajectory,. y xtana %%E%Wx can now be wntten as; |
| o | - gsec SO |
y xtanoe"'——gi—‘,z—z—%x? |

3 and smce sec o’ =1+tan a the last equatlon becomes e

oW 2(1+1‘an20a )x

_ y xtana o9 _ |
“In this form lf we: are grven values forx yand u, we have a quadratrc equatlon in tanoc The

s two solutlons for o, 0<a<90, glve the two angles of projection of the project:ie with mitlat

- speed u. requ;red for the pro;ectlie to pass through the pomt (x y)

o SOLVING PROBLEMS INVOLVING PROJECTELES _
B _'There are three poss;ble approaches to tack!mg problems :nvolvmg prOJectlles
1.:' From flrst pnncrples starting from e:ther F= =gj or X= 0 and. V= g AR

2. Working wrth the honzontai and vertscal components of the motlon separately usmg
R speed dlstance time for the honzontai direction and Newton S equatlons of mot[on wrth
R constant acceleration in the the vertfcal dlrectlon : T -

o 3 For appropnate parts quoting and usmg formulae estabhshed ln the Iast four pages

L AII these approaches are acceptabie wrth the first one bemg the favoured approach

L I_ o Page.3_6 S
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'WORKED EXAM_PLES RIS
| Exampie 1

: A golf ball is. struck W|th initial ve!ocﬂy 25: + 151, measured m ms1 where randjare honzontal SR

~and vertical unit vectors. Find:

~a) its velocity v vaftertseconds _

" b) ' its position vector r at this instant . :

~¢) its time of flight before pztchlng on to a honzontal fatrway

. d) its horizontal range - S G
“e) lts maxm'lum helght e [Assume_:tha_t _g_'_—' _1_0 IT_IS'Z] S i

| : Solutuon

_ Method 1
oa) The acceleratlon a, at any mstant is- —g 1

'Hence its veloc:ty, tseconds aﬁer bemg hlt is glven by d: -gf§

| _'Integratmg gives v—-—gtjwc1 I

Now v = 25:+15] whent Osoc:1 25:+151
| -'Gl\nng v =25i+(15- gt)_; o
" __b) Using v = 25:+(15 gt)j

Integratmg glves r 25t:+(15t—~wgt )j+c2_ SRR

Nowr 0 whent 0 sogc, =0 S

lemg r 25t:+(15t—j~gt )1

.-c) The golf ball stikes the fam:vay when the y component of ris zero :

i e. when 15t-:~,}g1"2 WO

S0 t(15—%><10t) 0

glvmgt Oort=3
. - The golf ball strikes the falrway after 3 seconds o
= --;d) The xcomponent ofr at = 3 gives the range of the goif ball '
B Range 25x3= 75metres s T '. .
o .'_e) The maXImum height occurs when the vemca! component of vis zero
At maximum helghtwhen 15 gt = 0 IR ' '
5015-10x¢=0 =
s givmgt 1.5 . SR
The golf balf is at its mammum he:ght after 1.5 seconds . :
Lo The ycomponent of r at ‘t= 1.5 glves the max:mum helght of the golf bal!
Ma)amum hetght 15><1 5~%x10x(1 5)2 ~11 25 metres

“ Paged7
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Method 2 . | | |
a) The horrzontal component of veiocrty is constant srnce there is. no honzontat torce ectmg in
_our model. e ' : ' '
o .Honzontal component of velocrty 25 ms”’ :
L _'Srnce the goif ball is movmg with constant acceteratron — g vertrca[ly, the vertrcal
_ scomponent of Vetocity can be obtained by usrng v u+at where U = 15 and a=-g m'.—‘l 0. '
-~ So vertical component of velocrty '!5 10t a o SRR
: grvrng v= 25:+(15 10t)j '

b) The drstance travetted horrzotatty in trme t‘ is obtamed usmg s ut + 58 at2 where a= 0

B So the drstance treveEied horrzontally in tseconds 25t metres

: ':The drstance travelted vertrcatly in trme t is. obtarned usrng s= ut +% B at2

where a= —g —..-10 _ - -
- So the distance travelled vertlcatly in tseconds = 15t 5t2-m 5t(3 t)
- These two drstances form the components of r.
. Giving r= 25tr+5t(3 t)j PERR
: c) The vertlcal distance 0. when 5t(3 t) 0.
' _sot Oort3
. The gotf ball stnkes the fanway aﬁerBSeconds _ . : o
Cod): The range = The drstance travelled. honzontally in 3 seconds 25 X 3 75 metres
| _' e) The maxrmum herght occurs when the vertacal component of veloc;ty is zero '
At maxrmum hezghtwhen 15 10¢ = 0 ' '
: D Grvrng t=1 5 S
Maxrmum he:ght_.tsxt 5 5><(1 5)? —11 25 metres

. 'Example 2 SR : - : :
in the prevrous example the golfer is hrttrng the ball to the centre ofa honzontat green tevel

*with her feet, and 75 metres away from her. Between her-and the centre of the green

- 60 metres away is a tree of helght 7 metres erl the balt clear the tree'-"’ : L

So!utlon

o .":}'_In the prev:ous example we found that r= 25tr+(15t~— gt )j 25tr+5t(3 f)j

. The goif batt has travetled 60 metres horlzontally when 25t 60 re when t= 2 4 seconds

| ':'When t=2. 4 the vertical he;ght—5x2 4x(3 -2- 4) 7 2 metres
The golf bal! wrli clear the tree o S
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Example 3 -

A partlc!e is pro;ected w1th tmtiai speed 20 ms-1. Flnd i‘he two poss&ble angles of pro;ection to
. achieve a range of 20 metres - : . '

~ Solution : uzsmz.o B ' S
' Usmg the formula for range R_——Tgﬁ where y =20, R=20and g=9-8
then 20__—.—3‘-3’—’-73°°— 0<a<9 |
| 9.8 SR
9.8
whach g:ves sm2cx, _—ﬁ—;{) 49 | _
o s0° 2a ~29.34... or 180~ 2934 _
0l ~14:7° or 75-3° - .

'The two possable paths are shown in the dlagram opposne
'Example 4 | | | !

) A partlcle is pro;ected horlzontaliy from a ralsed pos:tlon wnth a velomty of 40 ms-1. Fmd the -
“horizontal and vertical components of the ve[oc;ty of the particle 3 seconds after pro;ection o
;Flnd also, the speed and d;rect:on of motlon of the partlcle at this tlme R S

: Solutlon o T
o Startlng with 7 = —g J and mtegratmg
. glves r"- —gtj +¢,
.'When t -0 401 so c, _401
G glvmg _ 40:— gtj _ :
| -__When = 3. 40!—9 8><31 40;——29 41 _
'So horlzonta! component 40 ms™ and vert|caf component— ..,,29 4 ms

- ';The speed [r|m\/402+(29 4) ~49 6ms '_ R o a
-_From the veloc:ty dlagram tane"-—%mo 735 S -_:-eré.f
BT i "':soe'~363° R e

e At t 3 s the speed of the particle is 49 6 ms" at an angle 36 3° below the honzontai

20m ye o



o Answers

--9 02m.

Exeroree 1. 3 1

" The results obtamed on the last four pages may be used wrthout proof to answer questrons
1108, Take thevalue ofg = 98ms—2 ' : . :

1 A particle is pro;ected from a pornt ona honzontal plane and has an rnrtral velocrty of
‘1140 ms-1an angle of elevatlon of 30°. Frnd the greatest helght reached by the partrcie
above the plane. - : : _ Y

j _2 A par’ncle is prOJected from a pornt on a honzontal plane and has an lnr‘ual velocrty of
- 70.ms1 an angle of elevatron of 10° Findthe. range. of the partlcle on the horizontal plane

- 3 A partlcie IS pro;ected from a pornt on a horrzontal plane and has an mrtaal velocrty of-
: 49\/2 ms-1an angle of elevatron of: 45° lt the part;ole returns to the plane t” nd

" a) the time of the flight = Lo S
b) the tlme taken to reach the h;ghest pomt

4 A buliet fired from a gun has a maxrmum horrzontai range of 2000 metres Flnd the muzzle R
veiocrty of the gun _ T A % SO e
- 5. A gun is frred on the same honzontal leve! asa target 484 metres away A bullet is frred

-~ from the gun wrth amuzzle vetocrty of 154 ms-1. At what angle of etevatron should the
muzzle of the gun be set i in order to ensure the bullet hits the target ' '

' 6 A partrcle prOJeoted from ; a pornt ona horlzontat reaches a greatest herght h above the :
' plane and has a honzontal range R. If R = 2h, i nd the angle of projection. -

| 'jIn the remammg questrons inthis exercrse establrsh any results whlch you use

s 7 At trrne = O a partrcle is prOJected W|th velocrty 5ims-1 from a pornt wrth posmon veotor
201 m. F;nd the pos:tlon vector of the particle when t=2 seconds IR

: 8 A stone is: thrown horrzontaily at21 ms-1: from the edge ofa vertrcal clrff and falls to the sea, .
40 metres below, Find the honzontal drstance from the toot of the olrff to the pornt where the
';stonehrtsthesea _ e : S
-9, A tenms ball is served honzontally w1th a speed of 21 ms“f from a herght of 2 8 metres By R
. what distance does the ball clear the a net 1 metre hlgh srtuated 12 metres horlzontally L

. from the server?. - - - T

: 10 When an arrcraft is ftylng honzontally ata speed of 420 kmhﬂt lt releases a bomb wh:ch
~on release has the same velocity as that of the aircraft. The bomb is released when the

R :RPM/zoo_r'

o .-;alrcraft is a distance. of 2 kllometres honzontally and h kllometres vertrcally from the target 3

S G:ven that the bomb hrts the target find the value of h

11 lnitratly a partrcle is. at the orrgm Oandis prOJected wrth a velocrty ai ms-1: After tseconds o

i the particle is at the pornt wrth posrtron vector (30: - 101) metres Find. the value of t and a.

f_:; 12 A wrndow |n a house is srtuated 4-9 metres above ground level. When a boy throws a ball ';:
e horlzontally from this window with a speed of 14.ms-1, the ball just clears a vertical wall -

o situated 10 metres from the house Fmd the herght of the wall and how far beyond the wall , | :

. * the ball _frrst hits the ground

Coot2some 310855 4,140 ms-
| 5.58°0r842° 7(10:+04j)m | 860m;';_
11, 21 11__ _1_2..2.4_m;4n‘_1
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| -'._COSOL =2

T posrtlon vector of the ball _
:"_Startlng wrth F=- gi S
R Integratlng glves ¥ —_—gtj +c

I ﬁ_':RPM/200‘I_
'ExampieS

_ ._A golfer standmg on Ievel ground hits a baii With a velocrty of 52 ms-1 at an angle o above the o

horizontal. If tana® = & find the t:me for whlch the ball is at Eeast 15 metres above the ground
Take g= 10 m_s—z_ . ;. : _ S _ _ _ _ _

' Soiutron . o _ |
'. -Srnce 0 < a < 90 and tanoc S 12, then from tnangle usang Pythagoras and SOH CAH TOA

sina’ =% and cosa’ =,

- Inthis problem we are oniy concerned when the :'
. :ycomponent of r is greater than or equai to 15 metres
' _Startmg with V=-g o '
- Integrating gives y = —gt‘+c1 | _
| ""When t=0 y= - 525in0” =52 x _20 ms1
' s g[vmg y= 20 gt

- Integratrng glves y 20t -3 gt2 + Cz L
'_'Whent 0y=0 socz..O |

. g]vmgy 20t—;gt2
_Whentheycomponent~15 _ o
| 5= 20t--;—x10><t2

soSf2 20t+15 0:

and % — 4t+3 0
_ - (t - 1)( t-3)=0 -
‘Giving the golf ball is at a height of 15 metres att=1 and 3 s.
' So the ball is at ieast 15 metres above the ground for 3~ 1 2 s.

Example 6

A golf ballis. prOJected from the edge of a. vertrcal cirff w:th a velocrty of 50 ms-1 at angle of .
~ “sin~' % above the horizontal. The ball strikes the sea at a point 240 metres from the foot of the ;
o cliff. Fmd the trme for whrch the bali rs rn the air and the helght of the cliff . :

Soiutlon _ S
- Leto®be the angle of pro;ectron B | o BN
- Since 0 < o< 90 anda’ = sm“" : then from trlangle usrng Pythagoras and SOH CAH TOA

© - Inthis example we need to fi nd a general expressron for the g

s 's1- 1
: l -. )

_-;_-Whent 0 £= 50cosu r+503ma j 50x25r+50>< 251 48’+141_'-.: R

- _..Page.zrr:_- R



| : givinéf 481+(14 ' gt) | 240‘“
'_:Integratl.ng givesr 48tr+(14t—igt2)+c2 ;  L
:'Whent Or Osoc_O T

| glvmg = 48t:+(14t~;gt )]

" When the ball stnkes the sea thexcomponent ofr 240 L
' ' 80 48t =240 ' ' ' ' '

| ' 240
: Strlkes sea after 48 _5

-TheycomponentofraﬁerSs 14><5—""2~“><9 8><5‘2 —5_2-5. .
N 'The helght of 1the cliff 52 5 m N ' R

o _--page_.?iz SRR
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.RPM/éoor :
Exercrse M‘t 3—2 ' '

ln tl‘us exercise establish any results whlch you use and take g 9 8 ms—2 -

-?1-. 'A golfer hits a golf ball with a velomty of 44 1 ms-1 at an angle of srn“1 2 above the :

. horizontal. The ball lands on the green at a pomt whlch IS Ieve! with the pomt of pro;ect:on |
Find the time for which the baii is in the air.- : . . e

o _2:."_A gun has its barrei set atan angle of eievatron of 15°. The gun fsres a she!l wrth an rnrtral |
speed of 210 ms-1. Find the horlzontai range of the shell. - SRS -

30 Ina game of mdoor football a free krck :s awarded whenever the ball is krcked above -
B shoulder height. The ball is mrtlally at rest on the floor when a player- kicks it with a velocrty
- of 14 ms-t atan angle of elevation 0, with sin0 = Takrng shoulder helght as 1-5 metres -
7 and assuming nothlng prevents the bali frorn reachlng rts hlghest poant ﬂnd whether a.
B free kick is awarded or not. 5 S

4. A ball is projected from honzontal ground and has an rnrtlal ve1001ty of 20 ms-1 at an ang[e
of elevatlon of tan™’%. When the ball is travelling horlzontally, lt stnkes a vertacal wall How
. high above ground Ievel does the |mpact occur. S . -

" 5. A partlcle is pro;ected from the orzgrn O and has an 1n|t1al velocrty of 30\/2 ms-1 at an angle
- of 45° above the horizontal. Find the horizontal and. vertical displacements from O of the.
e particle 2 seconds. after projectlon and hence flnd 1ts d;stance from O at that time.

o 6 _A stone is. thrown from the edge of a vertlcal cl!ff and has an mrtaal veloclty of 26 me-1 at an -
i -_angie tan™ below the honzontal ‘The stone hits the sea ata pomt level with the base of

- the cliff and 72 metres from it. Frnd the helght of the clrff and the tlme for which the stone is SRS

~in the air. [Take g =10 ms-2]

7. A batsman hits a baII ata velocrty of 175 ms—1 angled at tan“1 2 above the horrzontal the
- ball initially bemg 06 metres above level ground The ball is caught by a fielder standing -
28 metres from the batsman, Find the time taken for the ball to reach the fi elder and the
helght above the ground at whlch he takes the catch - L

: 8 Ten seconds after its pro;ectlon from the origin a. partlcle has a posatlon vector
(150: 200_[) m. Frnd in vector form the velocﬁy of prOJect:on

s 9 A football is klcked froma pomt on ievel ground, 15 nnetres from a vertical walI Three

seconds later the football hits the wall at-a point 6 metres above the ground Findthe -
honzontal and vertloal components of the lnrtral velocrty of the ball [Take g =10 ms~2]

. 10 A footbatl is kicked from a point 0. on levei ground and, 2 seconds later, just olears a
‘vertical wall of height 2-4 metres. if 0 |s 22 rnetres from the wall, f nd the velocrty wrth
' whrch the. ball is kicked. - : o :

o 11.A golfer hits a golf ball wrth a velocrty of 30 ms- 1 at an angle of tan‘1 3 above the honzontal S
- The ball fands on a green, 5 metres below the level from which it was struck F |nd the
honzontal drstance travelled by the ball [Take g =10 ms-2] : .

fAnswers P R S L e -
C is4s . 2.225km 3. Free'klck:' -5_;- A t6m |
5. 60 m; 404m 723m 6.75m; 35 e 725'2m' 8(151+29ﬁmsr

L 9.5msd; 17 ms:1 ‘lO 156ms 1 at 45° to honzontal - :. : 11 QOm

U Pageds o
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Examp!e 6 E

A parttcle is prOJected from the orlgm O W|th mitlat speed 20 ms- E to pass through a pomt at
10 metres from O horizontally and 10 metres above O. Show that there there are two possabie
- angies of prOJectlon and fmd the correspondmg ranges [Take 9= =10 ms-2]

Soiutlon ' '_ ' _
Let the ang!e of pro;ection be .

o Smce we know a point on the trajectory and the speed of pro;ectlon w;l! use the Carteman '
- equation estabhshed earller SRR ' S

y xtanoc

2 2(1+tan a")x wherex y—10 g—10 andu 20

10 .
e 202x(1+tan o )><102

10m10tana —1- 25x(1+tan o )
. 125tan ol 10tanoc +11 25 0
_'_.Mutlp!ylng through by4gives L
| 5tan®o® —40tana®+45 =0, L
D:vndlng through by 5 gives:
tan’« 8tana +9 0 whlch cannot be factorised
8+\/( 8)? —4><1><9
2><1 o
tana —6 645 or 1. 354

gl\nnga ~ 81 4° or 53 6°

10 10tana

Usmg the quadrattc formuia tana

Usmg formula for range R = M

: | S 2x81.4°)
: ;Whena ~53 60 Fe~~ .sm(?5<53.6) and. whena —81 4° R— ...sm(mx : ) L

~38-2m RN ~_11 gm.

| The correspondmg trajectones are sketched below for compieteness B

Page44 RO
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: RPM/200_1 .
Exercnse M1 3 3 o

The equatlon of the trajectory obtained on page 36 may be used WIthout proof to answer |
questlons 1to 5. Take the value ofg 9 -8 ms?- unless told otherw:se : >

1. A partlcte |s projected from a point ona horszontal plane and mltrally travels :n a dlrectton

~ which makes an angle of tan™'2 with the, honzontal in the subsequent motron the partlcte

_ _3 “passes through a point above the plane whlch is 20 metres honzontally and 10 metres -
: vertlcally from the pomt of prOJectlon Fmd the speed of pro;ectron [Take g= 10 ms 2]

2A partrcle is. pro;ected from a pomt ona horrzontal plane and has an initial speed of .-
28 ms1. If the particle passes through a point above the plane, 40 metres horizontally and
20 metres vertically from the point of pro;ection ﬂnd the poss:ble angles of prOjectlon '

'3.'A partlcle is prOJected from a pornt on a honzontal plane and has an initial speed of
42 ms1. If the particle passes through a point above the plane, 60 metres horlzontaiiy and
.70 metres verttcally from the po:nt of projection, fi nd the possible angles of pro;ectlon

_' -4.__The or:gm 0 lies on a horizontal ptane anda pomt P ltes above the plane 50 metres
- horizontally and 60 metres vertrcally from O. Show that a particle prOJected from O wrth a
speed 35 ms-1 cannot pass through P. : -

“5.Aball is thrown from ground level wrth speed 40 ms—1 It ;ust ctears a wati 30 metres hlgh
-~ 40 metres from the point of pro;ection ‘Show that there are fwo possrble angles of '
. .'..pr01ect|on one of which is 45°. Find i in each case :

(i) the greatest height - DR
- {ii) the range . - :
: _'-jreached on each trajectory [Take g 10 ms-2]

3 In the remammg questlons in thls exercnse establxsh any resuits that you use

i BLA particle is pro;ected W|th mltlal speed 70 ms-1 from the top ofa cliff of height 40 metres
- and falls into the sea at a d:stance 200 metres from the bottom of the cliff. Find the two
o possrble angles of projection and the dlfference between the correspondmg t:mes ot' flight.
o ’7 (I) A partlcle is. projected with mltlal speed u to pass through the pomt (x,y) Show that, lt o

s the angle of pro;ectlon S ' o
| ,gxz tan o -mxtana +(gx2 «:»y] =0
Hence show that |f the pomt (x y) can just be reached w:th initial speed u, then S

T
'2”'

Y= 2u 29

[Hlnt thlnk of the frrst equatlon as a quadratlc in tana" what can you say about its roots |f_ L -

X, y) can Just be reached?] e _ .
Sketch this curve. ltis called the parabola of safety

(n) Agolfer can hit a ball at 20 ms-1. There is a tree 20 metres in front ofhlm Show that | '. :

~he can clear the. tree if zt is less than 15 metres hrgh [Take g 10 ms-2]

Answers e L R |
25mst 2450 71 6 s 634° 760° R

5 (t)40m 784m (Ii) 160m 448m S 6 O° 787° 11 73
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M1.4 FORCE AND NEWTON’S LAWS OF MOTION |
| B _Outcome Content

o Understand the terms mass force ‘momentum, balanced and unbalanced
forces, resultant force equrlrbnum resistive forces L :

e Know Newton’ s first and third laws of motion,

| _' Resolve forces in two drmensmns to find therr components

B Combine forces to flnd the resultant force ST _
Understand the ccncept of statrc and dynamrc fnctron and Irm:trng frrct:on

o Understand the terms fncttonai force normal reactron coeffrcient of frlctlon' _
B, angie of friction 2 and know the equatlons F= pR and no= tan Ao ‘

| solve problems rnvoivrng a partrcle or body in equrilbnum under the act[on
of certaln forces. el
o Solve problems mvolvmg fnctron and problems on znchned planes

_Eqmilbnum i : '
_Iif a particle is at rest or movrng wrth constant velocrty rt rs sard to be in equ:llbrlum :
By Newton’s First Law of Motion, a body is in equrlrbnum |f the net force actlng on it is zero
aE e the system of forces actrng on the body is balanced L : :

A typrcal problem in this sectlon of the Unit 1nvclves frndrng the magnltude of sorne force
g wrthrn a system of balanced forces actrng ona body B : -

B : The method that wrll be used in this unrt is o

|) resolve the forces in two perpendrcular dlrectrons _ |
u) show that the compcnents ln each of these drrectrons ‘bafance out

A mass. of 8. kg hangs in equ:lrbnum suspended by two Irght rnelastrc stnngs mak:ng angles
~of 30° and 45° with the horrzontal as shown in the d ragram below on the nght Calculate the

_ tensrons in the two strrngs

o : The mass is hangmg in equnrbnum so the net force actrng is zero

L vector equatron can be wntten as two scalar equations

Solutron S SR DIRSEEE SRR SO e e o YA o

This can be written as the vectorequatron SF=0 RN TR F S
As suggested above by resoi\nng the forces, the L IR R

xy

. . o. ; T o :
: ZFX—O and ZF m_o - e
:__'-._-_'Resolvrng gives . . . R s |
. .Scos45° - TcosSO";O [1] and Ssm45°+Tsm30° -W=01[2] s ws N o
":."From [1] S M ands bstrtutrn forSin [2] rves R - g
o nT T cos4s® T - : 9 R AR
T oL B T R T AR
—C-C—‘%xsm45°+‘rsm30“m8g _ o | |
7 ~57:4N and §= C"i‘;sc_.:,c?o 3N

S “””g_ cos30°tan45°+sm30”
e ' S R R Page46 '
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Exercrse M1 4-1 : '

" Each of the dlagrarns in questzons 1 to 6 shows a partlcle in equmbnum under the forces |
: shown ln eaoh case find the unknown forces and angles ' : -

BN | e e
. 300 | /5 | __ |
CVeRN el
6. Y& o
TA
ol :; X

_.Answers o - e S L .
-_1 T 2NS 8N 2.T= 5\/2N S—1ON 3. T= 5Ne 36:9° 4'r 984Ne 3740
' (5\/3+4)N~127NT (5+4\/3)N~119N 6. 8= 3\/3N T= 3N :

- Resolvmg in other dlrect;ons S '
.Resolvmg in a horizontal and a vertlcai dlrectson i often found convenlent but this is not
.- always the best choice. For example, on an inclined plane, then it will usualty found thata
" better choice i is to resolve the forces parallel to and at nght angles to the surface of the s

i '-.'plane

Example R

o “A particle of mass 4 kg rests on the surface of a smooth p!ane which is ;nclmed at an. angle

- of 30°to the horizontal. ‘When a force Tacting up the plane and a horizontal force of 8v3 N are B

R applied to the particle, it rests in equallbnum Caiculate Tand the normal reactlon between the AR

-~ Solution - . SR SRS
o :_._The partlcte IS in equ1hbnum so the net force actmg is. zero

: "_ﬁpamcie and the ptane .

ZFX—O and ZF =0 _ -
o -L Let the normai reactlon be R as shown in the force dlagram opposﬁe '_
“This dtagram is also cal[ed a free body d:agram ' - o

:-__':_Resolvmggives L T e SN R 4gN*

___-."T+8fcosso° 4gsm30°__0 and R- 8J"s;n30° 4gcosso°'-~o

-.":-Z'lemg T 4gsm30° 8«./_00330"—7 6N ‘and R 4g00830°+8\/_sm30°~40 9N :
' S - DA Page47 T T ST I VR HE T
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"_-Exercnse M1 42 i

Each of the dlagrams in questrons 1 to 4 shows a par’ucle in equnllbrlum under the forces
- -shown In each case, usmg the axes grven find the unknown forces and angles o

5. Aforce acting Ipar'a“llel to and up the line of greatest siope holds a body of mass ‘lokg'-in :
L :equn!ibnum on a smooth plane ! whrch is inclined -at 30° to the horlzontal Find the '
'-magmtude of this force and of the normal reactlon between the body and the plane

o 6 A honzontal force P holds a body of mass 10 kg in eqwhbhum ona smooth plane whlc_h is .

.lncllned at 30° to the honzontal Find the magmtude of P and of the normal reactlon
' :__between the body and the plane i . . : :

7A force F holds a partlcle of mass m in eqwllbnum on a smooth plane Wthh |s lncllned at- -
' - 30%to the horizontal. if F makes an angle 8 with the plane, as shown in the diagram above,_ L
find 6 when R, the normal reactlon between particle and plane is ‘l 5mg o

o 8. A partlcle of mass 3 kg lylng ona smooth surface wh:ch is mchned at a° to the honzontal is |
attached to a llght inextensible strmg which passes up the plane along the line of greatest
slope over a fnctlonless pulley at the top and cames at kg mass freely suspended at its -

B _fend If the system rests in equlllbrlum ﬁnd

~a)the value of & :
~'b) the tension in the stnng - - L
c) the normal reactlon between the partlcle and the plane

v Answers

 iTesBNS=EN 2.T=4\/3 N;_Vs"=8_\(3N  3.T=5(3- 1)N s 5(\/3+‘E)N S
S aTs 3941\;9 ~266°  549N;B4ON  6.566N; 113N SRR
LTS 82195 oSN 9IN
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Resultant of a System of Forces _ EERRCES
“The resultant force R, ofa system of forces is that srngle force whrch could completely take

- the place of the force system The resultant force R must have the same effect as the system
of forces X L :

Example 1 . ' ' '
The resultant of the forces (5r + 7J) N (ar + bj) N and (br aj) N rs a force(llr + 51') N Frnd a

~andb.

Solution

'-'.UsrngR EF then 11r+51 5r+71+ar+b1+br—a1

- wh:ch srmplrt’esto’l‘lr+5y (5+a+b)r+(7+b a)_; R
 8So11=5+a+b giving a+b=6 and7+b a=5 grvrngb a—_— 2
' -.Addrng the two equatrons grves 2b 4 S0 b 2 and a= 4

o .'Example 2

_.soR 648 £+59- 77 ;N

| ~ Abody of mass 5 Kg is bemg ralsed by two forces of 75 N and 50 N as shown in the d:agram
~below. Find, the magnitude of the resultant force actrng on the body, and frnd the angle thls

~ resultant makes with the upward vertrcal | L S o Free Body s
_.'jl_'_-Soiutron L e | 75N, Dlagram
~ From the defmrtlon of a resultant force the resultantR ZF N AY e
- To carry out thrs summatron the forces must be expressed in component form 201 ASON
b '_'-'ln componentform thewerghthN —5g1N 3 T I R T u S
b | and the 50° Nforce 5000350°r+503m50°1N . : '---':;; 11— ;’ o
and the 75Nforce_.__7500370°r+7531n70°;N : Y R

.___-Thrsgrves S LR S sgN
. R= ZF—--—59’J+5000850°r+5081n50°j+( 7500370°r+758m70°_;)

| For the magnrtude of the resultant |R| ~(6 48 ) +(59 77 ) w—36'15 6

| so]R]~60 1N R O
R RN /NBOTTf
From the components othhe angie made wrth the vertrcai can be found b T
0-—-——m
tne 59 77 0108 I DR RIS (N B

| ) :__'As the body rs not constrarned to move say vertrcaily it wrll foilow the path

s '-grven by the drrectron of R Thrs is 6 1° from the vertrcal to the rrght

S Pageds
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: Exerclse 'l 4~3 ' :

1 The resultant of the forces (5: 21') N (7: + 4[) N (e.r + bj’) l\l and (-3r + 21‘) N isa force
(5: + 5_[) N Flnd a and b : : . o :

2, Fmd the magnltude of the force ( 2; + 4_;’) N and the angle rt makes w1th the drrectlon ofr - .

S 3. For each of: the foliowmg systems of forces fmd the resultant in the form ai + b1 Hence fmd

lhe magmtude of the resultant and the angle it makes w1th the the X—axrs

|

"'5N .

- _' 5 A sledge is berng pulled across a horrzontal surface by forces of (6: + 21‘) N and (4r 31') N
“What is the magnitude of the resultant pull on the sledge and what angle does th:s
resultant make. wath the directlon of 7. AR S -- . :

e .'6 Find the magmtude and direction of the resultant of forces of 10 N 15 N and 8 N actmg 1n L
. the d:rectlons 030° 150° and 225° respectively Coe R

:-':1 a--4 b-1 o 2 447N 1166°ac/wfrom: 3 a) (13:+8661)N 156N 33 7°aclw

o --4 'a) 12 N down slope 5.4101N; 5-7°ciwfromj - b) 5iN; 5 N; 90°aciw - | i
_b)7Ndownslope. 6.12:1N,; bearlng 1456"33_:_'_ c) (52: 446_[)N 685N 40 7°clw NI
c)1204Nat484°aclw ' SRR S I L :
from 12 N force



S P R SERES : o 'RE’MZZ‘OOt}j
: "PROBLEMS tNVOLVING FRICTEON AND BODEES AT REST N

s Bodres on a honzontat ptane -

: The above dragrams show a block at rest on a honzontal plane beang puiied by a stnng
~-which,’ ‘on the left is parattel to the plane: and onthe rightis. mclmed atan angle to the
1 hortzontal Tnere are four forces actrng on the block namely '- SR

: :_a) the werght of the btock W actrng vertrcaily downwards

| b) the normal reactron R, of the plane actrng at rrght angles to the piane (Tne block exerts
~aforceon the plane and the plane exerts an equal and opposrte force on the block Thls
“isan |llustratron of Newton S thrrd Iaw) L i R, : .

“¢) the tens;on m the strtng, T actlng along the dlrectlon of the strlng

| "-.d) a resrstrve force F. the frrctron between the block and the p!ane as shown |n the free o :

body dragrams below

" '__'__';The welght of the block Ilke the other three forces is measured in Newtons and W= mg
~where.m.is the mass of the block |n kilograms and g rs the acceteratron due fo gravrty, :
'_-measured in ms-2, e : . : : RTINS o

- hFrrctron is the name glven to the force whlch tends to prevent sllpplng between surfaces ln
. ..contact Whrist there is. always some force between slrpprng surfaces. it is sometimes | very .
small, in WhICh case we neglect it, and say that the contact between the surfaces is smooth [

?_'Eg between an: ice. hockey puck and the ice it moves across.

| '::; *Surfaces which are not smooth are- said to be rough. Any rough surface wrtl anvoive fnctronal : o |
. forces. Friction always opposes slrpping between.two surfaces in ‘contact. Thisdoes not =~ -

' i""_.-imean that friction’ always opposes’ ‘motion. You would frnd it dltfrcutt walking to school if there_ Sy
S was no fnctlon between your shoes and the ground ERY S ' ERRR R

- o The fundamental propertres of fnctlon are '

_a) Frrctlon atways opposes the relatrve rnotron of surfaces in contact and acts at a tangent i

to the surfaces : VL
b) Friction Is a variable force and when slrppmg does not take place 1t rs Just sutﬁcrent to EHeS
prevent relatrve motron of the surfaces in contact L S

SEe j:"fWhen there is no motion as above we have static frlctron and when there is motron we have o
S _:_:'_“'klnetrc or: dynamrc frlctlon and when the b!ock json the pomt cf rnovrng we have hmltrng
3frrction Frorn expenmental data is has been observed that - _

o .--_Page.-_51_-
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The Limltmg BN
Frlctiona! Force

where uisa constant called the coefflcient of frnctlon which depends on the matenals of S
 the block. and the plane R : : :

x The Normal Reactlon Force

. Cons:der the man above pushmg a heavy box The man pushes wn:h a force P Assumlng the '_
box does not tip, the frictional force F is equal in magnitude and opposrte in direction fo P. .

- ‘When the box does not move. thls is called static friction. When the box is on the pomt of
~ - moving the size of the frictional force has reached an upper limit. This s:tuatlon is called

: 'llmltmg equllabnum Even if P gets blgger F remains at this limiting value. While the box is
- moving, this limiting value of friction is called dynamlc frlctlon ‘As outlined in the formula
above th;s limit depends on how rough the surfaces are and how heavy the box i is.

'The graph opposlte Illustrates how F vanes as P is :ncreased _- : i _r-‘fAsmc Fri'cﬁo'“ o
' ln summary, for statlc fnct:on Fx< yR L pRpEmRehing £ atlimit

and for hmltmg eqmlnbnum F= pR
or dynamlc friction ;

'_Some typlcal values foryare Sun‘aces | y .' ) '_ o - A.p
* Metal onice - -~ 001 -_ S raeten
Metal on metal . 0-1to 0 3 R

Rubber on foad _ approachmg 10 -

' Returnlng to the two force systems on page 51. Suppose that the block is on the pornt of
: mov:ng ' I AR - :

Honzontal Strtng o e 'I_'ncl_.in_ed_ _Strin_g =

_"_';_-Limiti'ng .:' soF uR and 3 F = 0 FimnR1 and Y F=0
o Equnllbnum s0 ZFX..O and 2R =0 so ZFX _0 and ZF,, =0 -
- lemg T F= 0 and R-W = O lemg Tcose —F 0 and R, +T sme-ww 0
| | T F and R W L '.._':Emm' F, and R W Ts.-n9° L
L REDE --j"-"-_COSB
_T-;:;_;J._R_-_-an_d_.Rmmg-; R o TE and R mg Tsme

'Tcose



- RPM/2001
WORKED EXAMPLES RS
Exampie i . . _ y _ _ . _
A 5 kg block of wood is at rest ona rough horlzontai surface The coeffiment of frsction
~ between the block and the surface i is 0-6. Calculate the. magmtude of the force P which is - -
‘necessary for motion to occur if P is applied to the biock a) horlzontaiiy and b) at an angie of
30° above the horizontal, as shown in the diagrams ERRAH _ :
- o YA YA

: .'Solutlon _ . SO
_a) In hmitlng equrllbnum ) ZFX _0 and ZFY —0 and F= pR

B - SoPFOandRWO 5

lemgP pR wng = 06><5><98 29 4N

. b) In I[mstlng equxllbnum $0 ZF .—Q and ZFY—O and F’ uR
| ; SoPcosSO° F=0 and R+Psm-30° -W=0

G:wng Pm M’;O“ and R W Psm30° '- s

p,(mg Psmso")' |
cos30°
| fP 0-6x5x9-8-0- 6><2><P
e _+o 3)P 29.4
SRR o P=25.2N : - .
So in (a) the forcerust;ust exceed 29 4 N and ln (b) 25.2 N for motton i:o take place |

SoP

- Exampie 2 . : SR : o
- A block of mass 20 kg rests on a hor;zonta! plane whose coefﬁment of frlctlon is 0 4 Find the
least force to move the block if it acts: S - -

a) horizontally .~ b)at30° abo\le the honzontai _' ©) a.t 30"-.‘be!0W_ _t.h.e horIZO'_-‘t._al : .ﬁ o

- d)at the most favourable angle

5 _--Solutl_on

. a YA Onpointof moving so in limiting equilibrium
S | | ZF =0 and })F, =0 and F=pR o
._ZP /SoP-F=0and R-W=0 ..
» G:vmgP p.R pmg 04><20><9 8 78 4N

TX

S ;_'Page 53



o :' | Note: You will not be expected tc
- ) recall from ngher work how to

express acos 0%+ bsin 6° as

: kcos(0 — )%

1 Part (d) was on!y mc!uded for

o completeness

-On pomt of mov:ng s0in I:mltmg equmbnum
2.Fy=0 and ZFY ~0. and F=pR

" So PcosBO“ F=0 and R+Psm30° ' W =

-. lemgP_ §O° and R=W- Psm30°
p(mg Psm30 ) -
_SO P ~¢os30% '

"SP 04><20><98 04x2><P
' '(f+02)P 784
| P~T3. 5N

| On pomt of movmg s0in Ilmatmg equmbnum -

> F,=0. and ZF =0 and F uR

SoPcosSO0 F 0 and R Psm30° w

§ uR -
- _lemgP—— 05307 and R W+Psm300
. p(mg+P3m30° ) |
| So P= - ¢0830°

"“P 04><20><9 8+0- 4><,_><P -
| (‘@MO?.)P 78:4
P 1T 7N

On pomt of. movmg SO m hmitmg equ;!:bnum
- 3F, =0 and ZFYWO and F=pR |
.__30 Pcose" F=0 and F?+P.smefj W 0o -

'-G:vmg P.m. 0567 and R = W Psm@”
' mg - P 9°
So PMH_( g — ff” )
© . co8e;

78. 4
(COSBO +0-4sin6" )

784
J1 16 cos(6-21-8)°

..SoP

78-4

RPM/ZOO‘I i

=0

 C0S0° xP=0-4x20x9-8-0- 4><sm9“><P -
- _(cose°+0 4sme )P 78 4 :

3 US!"Q kCOS(G )t mcose°+0 4sm9° it can be shoWn.__':'
Jthat k= «/11 anda~21 8" ' P

iR ForPto have a mmimum value cos(e 21 8)° must
'have its maxnmum value of ‘1 %

""'-.:"So Ieastvalue ofP' ﬁ—1—~72 8 N |
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Exampie 3.

RPM/2001 :

- Aworker tries unsuccessfully to ‘move a 35 kg crate restmg on a horfzontal ﬂoor by pushmg, e

. the crate hor;zonta!iy with a force of 1 10 N. A second worker. decrdes to help. What is the

o minimum pulling force she would need to appiy (|) vertically (11) honzonta!!y to heip move the_f- L
crate |f the coefi'” cient of. fnct:on is O 37'? TR S : . SRS

_ Solutlon _
- (:) Pullmg vertlcally

80110 F Oand R+P W 0

-Grvsng‘i‘lo yR u(mg P)

80110 037><35><98 037><P
037x35x98 110 -

,-'-:mm.T -__~457N

037

o On pomt of movsng ) m !lmlting equmbnum

'.-'ZF =0 and Y.F, =0 and F=pR

80110+P F OandR W O

'-'le:ng1‘10+P pR ;,ng

X op- -0-37x35x9-8 - 110=16- 9N

So110+P 0- 37x35x9 8

. Page55 i

On pomt of movmg so in Ilmitmg equmbnum .
'.ZFX—O and Y'F, =0 and F=yR



| . “the freely hanging body. Bbya light inextensible stnng passing overa smooth pul!ey
R _..-5 The masses of Aand B are 6 kg : and 1 kg respectively and the coefficient of frict:on

_ ; ' '.RPM/ZOOt’_ "

Exerctse 1 4-4. - L - - : S

_1._Each of the. followmg dlagrams shows a body of mass 10 kg lnltrally at rest on a. rough o

. horizontal. plane. The coefflcrent of fnctron between. the body and the. plane is 0-14. All

- lefters have the same meaning as used in'the notes. in each case find the magmtude of F
‘and state whether the body wrll remarn at rest or wrll accelerate along the plane
_[T;ake g 1(} ms~2] ERRALTIO L e

- 2_.'-When a honzontal force of 28 N 1s applred to a body of mass 5 kg whlch rs restlng ona

= _hortzontal plane the body is found to be in’ limltlng equrl;brtum Flnd the coefflment of

- friction between the body and the plane. " 5 .
3. _A block of mass 20 kg rests ona rough horizontal plane The coefF c:ent of frtctron between

* the block and the plane is 0-25. Calculate the frictional force experienced by the block when L o

B a horlzontal force of 50 N acts on the block State whether the block wrll move.

C4A box of mass 2 kg lies ona rough horizontal floor, coefficient of trtctlon 0-2. ‘Alight stnng 1s X | o

.. attached to the box in order to pull the box across the floor. If the tensron in the strmg is -
TN, find the value that T must exceed for motlon to occur if the string is: B
E a) honzontal b). 45" above the horrzontal .ﬁ- - ¢) 45° below the horlzontal L

r':-Questlons 5 and 6 refer to the system shown in the dlagram g
Body A lies on a rough horrzontai table andis connected to T

“between body A and the table is 0:2. If the system is released from. rest ftnd the

o fnctlonai force experienced by A and state whether motion will occur. -

.6 ‘The masses of A and B are m;and my respectlvely and the coeﬁ” cient of fnctlon between SR
body A and the table is p, Show that if the system is released from rest motlon Wl|| oceur. lf o

1{_ : §1 a) 10 N rest b) 14 N rest c) 14 N acceterate d) 10 N rest e) 14 N restf) 17+ 92 N accelerate T

g). 10 N; rest h) 10-:08 N; accelerate i) 10-08 l\l accelerate paz: 04 N; accelerate

k) 1212 N; rest 1) 2184 N; accelerate 2.1=# 3.49N;moves 4.3:92N; 462N; 693N

5 98N Nomotron R KT SRR T



: " of a force of P newtons actlng parallel to the slope The coeffi cient of

So P - F Wsm40°-—0 and - R Wcos40°—0
"-'Jgf'__flemg P pR+mgsm40° and R=- mgcos40° "

. Bod:es on an mclmed plane

e The dlagrams beiow show a block on the pomt ofshppmg up a plane mclined at an angle a’ -

~to the horizontal being’ ‘pulled: by a strmg which, on. the left is parallel to. the plane and on the -
Tright s mchned atan angle @° to the plane The forces act{ng on the blocks are shown and the
' requtred axes have also been mdlcated ' : 2 ARSI

Sy Strmg parallel to plane L Stnng lncl:ned fo the piane e
- Limiing  soF=pRand 3F=0 F=uR, and ZF o
-'Equili_briu_m 50 ZF =0 and ZF 0__ o so ZF _0 and ZF =0
o lemgT F Wsma -0 . f_ -_'__'Gl\nng Tcose —~F Wsma _0 S
B and R WCOSa ,,o :_ SRRy and R, +Tsm6 WCOSOL —0__' R
So T F+Wsma ._ i -iS Tww%%—
L Sl c0se o
.': and R Wco.m : "::. '_ ;';:and R Wcos<x —T s:ne*’
R o L pR +W sino®
.lemg T= pR+Wsmcc = Gl\llng T cos@" —
L  andR= mgcos<x and R mgcos<x ~Tsme°
-WORKEl)EXAMPLes | e RN

A block of wood of mass 6 kg |s placed on a rough slope mclmed
at an angle of 40° to the honzontal Itis held in position by the action

"- :3 :'fnction between the block of wood and the surface of the slope is. 0 4

. Find the. greatest and least values of P for the blook to remam statlonary on the slope.' SRR
_"_:Solutlon RER R T TN . TR R
o _On the pomt of movmg up the slope el SRR
o On the pomt of shpplng up. the slope so Fnction force F acts down
-:‘_-theslope I L SheE
- For llm:tmg equnllbnum ZFX ~_0 and ZFY mO and F pR

So P= mg(pcos40°+sm40° )
P 6><9 8x(0 4xcos40°+sm40 )
P 558N TN ST

o ._:_:..Page:s-? Ll
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S0 P+F-Wsin40°=0 and R- WCOS40°.:——O

Ll ‘angle of 30° to the line of greatest slope of the plane. .

' On fhe Pomt of movmg down the slope | e SR :
- 0n the pomt of movmg down the slope so Friction force F acts up L S
: theslope ; - CoeEE T
' _._For hmttmg equmbrium ZFX _O and ZFY_O and F pR

'lezng P= mgsm40° - 1R and R = mgcos40°
So P= mg(sm40° "900340 ) SURREAY
P=6x9. 8><(sm40° 0__.4><c_os40°_) S
U P~198N R - Se
- For the block: to remam stationary on the piane 19 8<P<55 8. .
_jExampiez ' | S s

'_ ~Ablock of: mas's 4. kg rests ona piane mclmed at an angle of 45° to the
o horizontal under the action of:a force of magnltude P actmg upwards at an

~ Ifthe coeff cient of fnctlon is 7, calculate the magmtude of P lf the block is
- onthe pomt of movmg up the plane SR I

So[ution SRR | SOSHN | S
a :Biock is on the po:nt of movmg up the slope so Frlctlon force F acts down '-
thesiope o R T :
- For Ilmltmg equmbnum ZF 0 and ZF.,._O and F- p.R |
S0 Pcos30° - F-Wsin45°=0 and R+Psm30° Wcos45°_o

| lemg '*JE—P—HFH \/g 'énd R——?—g— :

IS J—P (mg P) mg
X rme)te
JHP mg P mg '

.;__i-'J"P P [1 )

iy 2J“ 2 «/’“

o [‘/2_}1];9 4><9 ax(; ‘/_)
.._.P 4><9 8 [2 ‘/._) \[-—M .

_P 38 8 N

pagess



L Exerclse 1 4- 5 U : SRR,
_ f[_.- Each of the followmg dlegrams shows a body of mass 10 kg reEeased from rest on a rough_ _
L mchned plane. All letters. have the same meanmg as used in the notes In each case fi nd B

the magnltude of the friction force and state whether the body WI[[ remam at rest or wﬂi
-"'begln to sllp down the plane = : . SRk o

2; Each of the followmg dfagrams shows a body of mass 5 kg on a rough mcl;ned plane w;th _' -

R_PM/ZOO‘I_ i

. coefficient of frictionZ : in'each’ case, find the magnltude of the force Pif |t 3ust prevents the ' _?

Rt _: body from shpplng down the plane

o _-Answers '

-~ 1.:a) 335 N rest b) 42 4 N accelerate c) 37 5 N accelerate d) 17 0 N rest e) 23 7 N rest
U H23:0N; accelerate - - : L
.'f2 aN b). 102 N c) 184N d) 197N e) 183N f)232N
.Q,at\) _ L PR
_'_--':Exermse cont!nues on the next page ' SR

o Pagesy



| B | - RPMkzoor -
_Exercrse 1.4-5 (contmued) | S ) e - o
3. Each of the followmg dsagrams shows a body of mass 3 kg ona rough rnclmed plane wrth
coefﬂcrent of fnctron -Ineach case find the magnltude of the force P if the body is Just on

theporntofmovrnguptheplane e Sl SR

4 A parcel of mass 1 kg is placed ona rough plane whrch is mcllned at 30° to the honzontal _
~ The coefficient of. friction between the parcel and the plane is 0-25. Frnd the force that must s
~bhe applled to the parcel in a direction parallel to the plane so that IS Ll
.. a)the. parcel is prevented from slrdlng down the plane ‘
b) the parcel ison the pomt of movmg up the plane

SR S.fA horrzontal force of 1 N is just suff cient to prevent a bnck of mass 600 g slidrng down a :

~rough plane which is inclined at sin* 3 _to the horrzontal Frnd the coeft“ crent of frrctlon
“between the bnck and the plane. S : G

8. a)A mass m Ties ona rough plane which is rnclmed at an ang!e eto the honzontal The s
" coefficient of friction between the mass and the plane is 4. Show that slrpprng will occur ¥
' |ftan9>,u -

- _'b) Will slipping occur when a body is placed ona rough plane wsth coeffrcrent of fnctron 0 5 . o

~ - and angle 40° to the horizontal? =
e) Wil slrpprng occur-when a body is placed on a {ough ptane wrth coefﬁcrent of friction
- 0-25 and, angle 10° to the horizontal? = = -
'd) When a body is piaced ona rough plane whrch is rnclmed at 30° to the horlzontal the o
- body is found to be i in lrmrtlng equrhbnum Fmd the coefhcrent of frictron between the T
bodyand the plane. - R R C L SR

7. A force F actmg parallel to and up a rough plane of mclmatron 9 ts ;ust sufﬂcrent to prevent L
' a body of mass m-from slldmg down the plane A force 4F. actlng parallel to and up the _
. same rough plane. causes the mass m. to be on the pornt of moving up the. plane 1f 1t |s the
- coefficient of frfctron between the mass and the piane show that 5p 3tan 9 S
. Answers SR e e
B, a)193N b)232N c)277N d)332N e)273N f)220N 4 a)278N b)702N

';75 023 Gb)Yes c)No d)0577 : s SRR SRR
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TR SR : RPM/2001'
' 'ANGLE OF FRICTEON - . s | .
A speclal name is glven to the s&tuataon where an ob;ect on an mclmed plane is just on the

. point of sllpplng The. angle at which this- begins to. happen is calied the angle of friction.
- Consider a block of mass m kllograms at rest on a plane, which is gradually filted until the -

. blockis on the. point of movmg down the plane. Suppose the angle of the plane to the -

. the block and the plane is 4.

- Example 1

. Solution

S ance the block is. at rest F< uR

" ‘horizontal is 4 when the block is on the pomt of sllpplng and the coeff cuent of frlction between

. Smce the block is on the pomt of 'movmg down the plane fnctlon is act:ng up the plane :

| For Ilmltmg equlllbnum ZFX =0 ‘and ZF =0 and F= p,R
| 'So F- WSI”?LO-—--G and R - Wcos?tG 0 '
' Givmg uR mgs;n?t" and. R mgcos?tD

- 'So umgcos?d’ mgsm?tG o

ST ol :

c# f%f tand
%is known as the angle of fnctlon

.ThIS result offers a sample way to experlmentally determlne the coeffnc;ent of frlctlon between
two surfaces _ _ L . L

WORKED EXAMPLES

When a horszontal force P. of magmtude 20 N lS applled to a body of rnass 6 kg restlng on. a

. rtough honzontal surface the body isin hmltlng equ:llbnum Calculate the angle of f!'ICthI‘l

el Solutlon S . RS
_ R _ On pomt of movmg 50 in. llmltmg equ1l|br|um

Y F,=0and ZF,,mo and F ;,LR :
| SoPFOandRWO |
lemgP uR ‘and. R mg

| _'Usmg tan 30 = " then ?J’wtan”’(o 340 ) 18 s° =
8o angle of fnctlon _18 8" ' Lo

_-Examplez . L : AR : _ o
- Ablock of mass m kllograms restmg on a hortzontal plane is acted upon by a horlzontal _3 .
.- force P of. magmtude P newtons. Show that if the resultant of the frictlonal force and the
" normal reactlon make an angle of BWith the vertlcal then fan 9° < u RN

. ‘Using the Free Body dlagram above the resuitant of R and FlS shown below SR

From the vector d:agram tane" bR 8o tane" <u and usmg n= tan?t" . Resultant

: R R - Force
then tan 6“ <tan2®. It follows that 0 < A lf 0< ?\. the block remalns statlonary and -

. ._: S when 0= ?l, |t begms to move ThlS is the ba31s of an altematlve def nitlon of the angle of fnctlon_. . '

Page 61



TR -RPM/200T
Example 3 : : L : : L S
A biock of mass m kllograms is. iymg ona horizontal plane and is acted upon by a force Tof -
magnltude T newtons which makes an angie of & above the honzontal if the block is on the
. :point of movmg fnd the value of 9°such that Tts a minjmum. - i
*Solutlon : : > :

" For hm:ttng equmbnum ZF _0 and ZF., _O and F= pR
.-So Tcos6’~F =0 and R~+-Tsme° -W=0 |
| lemg Tcos0°: ....uR and R mg 'a!'smeG

- So Tcos@“ wumg stme” o

* Tcose’. +stm9° = ;ng.. -
T(cose" + p,SIn@ )= umg_ _
pmg |

8o T= ' .
° (cose0 +p,sm(-)°) E
_ S sin)? m
_-Usm_g p:tan_h"__:_ 5 then T=—— COS?‘. R
: R s o CQS?\, . 0 n;\‘ . 0
' 3 (cose + S?L"-S’ne')

' .Multlpiying top and bottom of frachon by coS ?J’

| sina’mg | S
_Gives T 0 0 0 }J’ = cos 8 %
| (cos@“oosx" +sm9° sin ?J’) -but .co.s(.ai COS?“ +sin® .3’” | ( )
sm 2°m i : T
w Thas a mmlmum value of sm ?J’mg when 0 = .

?ZS T_ 0s(0-2)°" N
Thls resu!t comp!ements the solution for Example 2(d) on pages 53 o 54 o
' Exerc:se 1.4-6. ' s ' e ' AR _
1. The coeff cient of fnction for two surfaces in contact IS 0 2 Flnd the angle of fr:ot:on for the

o 2. The angie of fnct;on for two surfaces in contaot is 30° Fmd the coeffi cnent of frlctlon for the
twosurfaces o o o : _ PR _

o 3.A body of mass 4 kg lies ¢ ona rough plane inclmed at 30° to the honzontai The angle of |
. friction between the plane and the body is 15°. Find the magnltude of the ieast honzontal :
~force that must be applled to the. body fo prevent motaon down the plane SR

4 A body of mass 2 kg lies on a rough plane WhICh |s mclmed at 40° to the’ hor:zontal The

angle of. fnctnon between the plane and the body:is 15°, Find the magnitude of the. greatest i
force whlch can be apphed to the body, parallel to and up the plane w;thout motlon
occurnng - . - L . e B,

- 5 Show that the Ieast pul[mg force P suff;ment {o ensure that a body IS on the pomt of movmg _' |

. upaplane inclined at 6° to the horlzontai is mg sm(@-f«/l)" and that lt occurs when P is
~.- inclined atﬁf’to the p!ane L - S : S
1 RIEIR 2 o 577 S 810N 4M66N

: ..:._.-_.Pag;é 62
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| - - Qutcome Content
Know Newton’s second law of motion; that force is the rate of change ot’
momentum and denve the equation F F= ma. - :
_{Use the above equatron to form equatrons of mot:on to model practrcal e
- :_;probiems on motton in.a strarght Ime SR L o
~ISolve such equatlons modelling motron in one dimensmn 1nctud|ng cases o
: where acceterat:cn is dependent on time ' i S

Denvmg the equatton F= -ma S SEAD R _
' Newton 5. Seccnd t_aw of Motton states that the rate of change of- momentum of a body is -

_directly proportional to the applied force and is in the direction of that force. The. momentum of

‘abody of mass m krtograms and velocrty vis the vector quant;ty my. If rt is acted upon by a-
force Fthen . S IR AR

From Newton s Second Law F' o d(g:v) |
S F kd( ) where kis. the
dt -
O constant of vanatron
i the mass remains constant then M . m—q;—!#-;.mg.
. df_._ CodE T
So F kma '

.f _The un!t of force the newton is chosen s.uch that a force of 1 newton :
' actlng on a mass: of 1 k:logram wrll cause an acceleratlon of 1 ms
$O k 1 and hence F ma o : ' Lo

2 'WORKED EXAMPLES .

- Example1

. A pile of mass 6000 kg starts to penetrate the ground wath a speed of 7 ms- 1 and penetrates

. the ground toa depth of 25 centimetres before it-is brought to rest. Calculate the resrstance of . o

. the ground to the penetratton assummg thrs resrstance is constant
Sotutlon :

. o The force apptled to the pile is W-R and since thrs |s constant
A S o the. acceleratlon / deceleratron IS also constant S0 the equatron
«-£ree Body ;of mot:on vi=u’ +2as can be used. | | o

- Diagram s U
SR Here v= 0 u= 7ms ands O 25m

-~ So 0 72+2ax0 25 -

| 49 5
lemg a——-~6-"§w~_»—98 ms

R Usmg Newton s Second Law F=ma .
P ' ' L W R=ma
6000g - "R =6000 x(-98)
' R 6000><9 8+6000><98
| - R=646800 N RO
F’age 63 .



constant the equatuons of motlon can be used

':"3'5'-._'Example4 R '

N - RPM/2001
Example 2 L : o -

A body of mass 4 kllograms moves along a honzontal stra:ght hne under the action of two

~ forces in the direction of the line, One forceis a variable propuls:ve force of magmtude Foo

" _newtons and the other is a constant resistive force of magnitude 12 newtons. The body starts

. from rest and acqu1res a speed of v ms-1, in time tseconds glven by V= 10t t2 for 0 <t < 6

~.a) Find an expression for Fin terms. of L. : _ _ :

“ b) Catculate the value of F when the body has reached maxzmum speed _
Solut:on : : = : Free Body :

= a) Usmg NewtonsSecond l_aw ZF ma . _' T ‘Diagram - .
EaEis . SoF-12= 4a_g-__-___._' o F g
Now V= 101‘ tz and az%—‘io 2t :_' SR R Lo SR R S
SoF-12=410-2¢) . %

Grvmg F 528t ¢

~ b) Atmaximum speed when _-.-;z Z0 _o_'r_"zlr,F ;_«'o so F=12N.

o Exampte 3 _ : : T - _
- Ablock is prOjected W|th speed 7 ms -1. up a smooth plane which is lnclmed at 30° to the
honzontal Find the dlstance |t travels before commg to rest momentanly s

~Solution - ' : : = -
- The block is decelerated by its welght component whtch acts down the slope As th;s 1s :

S o A Free Body
Applylng Newton S Second Law in the directlon of the motlon RN lagram |
' - Gtves ZF =ma - | : vk
'So —Wsin30° =ma

and —mgs.'nSO" ma

_ R lemg am—O Sg L T -
Us:ng the equatlon ofmotlon v: =u’ +2as whereu 7, v= Oanda—_mO Sg +W -
" | . G:ves{) 72+2x(«-0 5x9: 8)><s'__' ST B

49
=-~§=5metres

- An electron of mass 9x 1O~31 kllograms is movmg at 8 X 106 ms 4 when at enters an electnc ‘
- field which. produces a force of 1 -8 x 10-15 N at rlght angles to its m;t:al velomty for a penod of
. 5x109 seconds Find |ts fmai velocnty : R :

- "'So!ution

: Let the. unit vectors i and j be in the direct:ons of the mltial velocﬁy and the force respectlvely S
L -'.'_then u= (8 % 106): and from Newton s Second Law, F= ma gwes R
e (1 8><10_15)j (9><10 31).‘;?_s_ :
= J={2x1 S
(9>(10"31) ( 0 )f S
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Usrng v u+ta gtves V= (8x106)l+(2x1015)fj ' -
When r 5x107° v = (8x10°)i+(2x10" ) x (5x109)j

N1 x 107)§
(8x106)l+(1x107)j |

ST _ i
gngﬁ ~1-25 (8X100)i

'.Gwmg |v| J1s4xro‘2 Nr 2sx107 ms™ at an angle of tah"t 25 51 3° to the orlgrnal

8o |v| -(8><10) +(1><10"’) —164><1o‘2 'and rfanaG

. _drrectlon as ShOWI’] S

"'Example 5 - - IR |
A block of mass m- kg is slldrng down a plane mclmed atan angle of a° to the horrzontal I the _
-~ coeffi C|ent of dynamrc frrctron between the block and the plane is p, find the acceleratron of the o

B Solutron e

- _' So R= mgcosa whlch grves F= ;.ngcosa

- The forces actrng on the block are its. werght the normal reactron to the plane and frrctron
_ Frrctlon opposes the blocks motron and acts up the slope ' : :

- The block is in motlon so frrctron has rts lrm;tlng value F p,R -
' There is.no rnotron intheY dlrectron so Y F = 0 Wthh grves R- Wcosa = 0

- Usrng Newton s Second Law in theXdlrectron glves ZFX —ma
o Sc WSI!?OL —F- ma whrch gives. mgs.'nor —],ngCOSOL wma R
' . Soa-= g(srna —pCOSOtO) ms B RN #W R

Exercrse 1 4-7

1, Find, in vector form the resultant force requrred to make a body of mass 2 krlograms
: -accelerate at (5 + 21') ms 2 ' - L

n .2.__F|nd in vector form, the acceleratron produced tn a body of mass 500 grams subject to the _ '

. forces (4 + 2_1_7) Nand (-i+J) N.

: "3._' A car travels a drstance of 24 metres whrtst unlformly acceteratrng from rest to 12 ms~ '
_-Frnd the acceleration of the car. =
it the car has a mass of 600 krlograms fi nd the magnrtude of the acceleratlng force

' 4 _A car moves along a ievel road ata constant velocrty of 22 ms- A, lf its englne |s exertmg a.
' _".forward force of 500 N, what resrstance is. the car expenencmg'? SRR S

o 5 A car of mass 500 kilograms moves along a level road with an acceleratlon of 2 ms-2, lf 1ts R

L engrne is exerting a forward force of 1100 N, ‘what resrstance is the car experrencmg'?

2 '-6__:'F|nd in vector form, the acceleratlon produced ina body of mass 500 grams when forces
~of (5: +3j) N, (6i + 41') N-and (-7i- 7[) Nacton the body - - '

L '7.'A trarn of mass 60 tonnes is travellmg at 40 ms-1 when the brakes are applred i the _
- resultant brakmg force is 40 kN f nd the dlstance the traln travels before comlng fo rest

" Answers

L0+ 4)N 2.(6i+6)ms2 : -3.3ms2; 1800N : 4_. 500 N_ e
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_ Exercrse 1 4 7 contmued '

Each of the dragrams in question 8 to 12 shows a body of mass 10 k:lograms acceieratmg
' 'along a surface in the direction mdrcated All of the forces actmg are shown and the surfaces
are smooth. In ‘each case _ :
- a) obtain an equataon connectrng forces actmg perpendrcular to the drrectron of motion
“b) obtain an equation by applying Newton's second law fo the direction of motion, . .
' c) use your results from a) and b) to establrsh any unknown forces acceleratlons or angles '

8. 5\/3 ms-2--$* :10 - \/.3 ms—2 -«» _
[  [lPE>x
W= 10g - W=10g

W = 1()g

13 A body of mass 10 kllograms is |n|t|ally at rest ona rough horrzontal surface Itis pulled
along the surface with constant force 60 N inclined at 60° above the hor;zontal ifthe -
“resistance to motion totals 10 N, find the acceleratron of the body and the distance
travelled in the first 3 seconds. _' ' : S B

:Each of the dragrams in questlons 14 t0.16 shows a mass acceleratlng in t.he directlon
_ lndicated The surfaces in contact are smooth. ' SR

mg -R Prove that tane® = R “mg_
ma' ’

" IProve that "tarféé =

o 17 A body of mass mis. pulled along a smooth horlzontal surface by a force F’ mclmed at 9" B

above the horlzontai If the mass starts from rest show that the dlstance moved in t|me t

-'Answers R ' . _-
' SP—-‘EOONR 48N QR 547N a-mesZ 10P ZONG 30°

U 11.R=849N;a= _49_m_s_2 12.R=849N;P=69N 13.2ms20m

. Pagees
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' Exercrse 1.4-7 contmued ' '

18 A body of mass m is pulled aiong a rough honzontai surface by a force P rnc]rned at e° _

' above ’the honzontal lf the mass accelerates from rest fo veloc;ty v ina drstance d show :
mv’® .
that the resrstance fo mot:on assumed constant is Pcos 60 ~Toq

A90A mass. of 5 krlograms is pulled along a rough' horrzontal surface by a force of 50 N -

mclmed at 60° above the honzontal The mass starts from rest and after 4 seconds the S
~pulling force ceases. If the resrstance to motron 1s 20N throughout t” nd the totai drstance S
travelled before the mass comes o rest agem : - R

. --ln questrons 20 to 25 the forces shown cause the. body of mass. 5 krlograms o0 accelerate o
along the rough hor;zontal plane. In each questloh f;nd the coe'l‘rr crent of fnctron 3 -

20 -~——>2ms—2 21 4—--11msz 22 ———M ms2
o R-_'- 29N? R
5 24N -- 10N
: _5_g.N_ 5gN o
23, ~—>>2ms-2 '_ 24— 25 —b-sms-z j- |
R R _ L R_ - 40N
| R l g
| | - e .
FL NG F Y
- 5gN 39\/2N SO 5gN | el SQN |

;26 A block of mass 20 krlograms rests on a rough horrzontal plane The coeffrcrent of. frlchon

e _.between the block and the plane is 0-25. Calculate the frictional force expenenced by the

- block when a horizontal force of 50 N acts on the block State whether the block will move.
-and |f 0, find its acceleratlon REAETRE - - -

27.'A block of mass 2 kllograms is In:trally at reston a rough honzontal surlace The ST
- coefficient of friction between the block and the surface is 0+5. Find the horizontal _force that -
- must be applied to the block to cause it to accelerate along the surface at 5 ms-2 -

o :2_8..fWhen a horrzontal force of 37 N is appl:ed to a body of mass 10 krlograms whrch is |

; -~ Answers

" restingona rough horizontal surface the body moves along the surface with an_
o - acceleration of 1-25 ms-2 Frnd n, the coeffrcrent of frzctron between the body and the -
L :...Surface E : _ L SR Do
-._'29._A body of mass 2 kaiograms is slldmg along a smooth honzontal surface at a constant
- speed of 2 ms-1 when it encounters a rough horizontal surface, coefficient of fnctton 0 2 _
~_Find the dlstance that the body wrll move across the rough surface before comlng to rest

So19.10m 20.2 21_.;0;5__ 22.025 23, 033 24, 0348 25,0677 e
26,49 N; Ysas 0-05ms2 . - 27.198N . 28.025 291 02_m R
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Exermse 1 4 7 contmued

-30.

A hor:zontal force F of constant dlrectlon and varlable magn:tude given by F=2t acts on a

_ body of mass 5 k:iograms The body is initially at rest at an origin O on a smooth
'. 'horizontal surface Find the Velocity of the body When t=4 seconds '

__':33.

: -3'4.

| _' :36.
30,
32,

.33,
35.

' 3.2

31.-A horlzontai force F of constant direction and vanable magn:tude glven by F 61‘ 4 acts -
ona body of mass 2 kllograms The body is lnmally at rest at an origin O on a smooth
horizontal surface Find the d[splacement of the body when t= 4 seconds - R |
A honzontal force F of: constant direction and vanabie magnitude gtven by F= 3t +1 acts o
.-ona body of mass 4 kllograms The body is lnitrally at rest at an orlg:n Oona smooth '
" horizontal surface. Find _ : -
-a) the velocity of the body when' [= 0 seconds
- ) the drsplacement of the body when =2 seconds e . R e
A body of mass 750 grams is lnttlaily at rest ata pomt 00 ona smooth honzontal surface A
" -horizontal force F acts on the body and causes it to move in a. straight line across the
_'-surface The magmtude of the force is given by F=1(3t+1) N where tis the time in
.. seconds from the start of the motion. Find the speed of the body when t 3 and its
- distance from O at that time. : o _ S : '
A resuttant force Facts on a body of mass 500 grams mlt{ally at rest at an ongln O
“E=(3ti+j) N where t seconds is the tlme for whrch the force has been actlng on the body
- Find expressions for o S : :
: -_a) the velocity vector of the: body at time. f
. b) the position vector of the. body at tlme t L .
_A resuttant force F acts ona body of mass 250 grams Imtlally at rest at an ongtn O _
E= (5t —2)1 + 40] N where tseconds is the t:me for. wh:ch the force has been acting on the
. body. Find expressions for * BTN - - o
) the velocity vector of the body at time t
:b) the posrtson vector of the body at t|me L .
A resuttant force F acts. ona body of mass 500 grams mitlatty at rest at an ongm 0.
- F F= [(4f- 1): +4f1 N where t seconds is the time for which the force has been actmg on the
RS body F;nd the body S speed and dtstance from O when t 2 seconds
Answers : ' SN '_ R ' ' '
3.2 ms-1in the direction of F 31,16 min the dlrectlon of F
a) 2 ms-1 in thed:rechon ofF b) 1 5m|n the dlrectzon of F . ~: - L
a)22mst b)24m - - "34.a)v= (3t21+2t1) ms “b)r '=._(t3.i+-t?1). m. o
a)v= [(10t ——8t)r+8t2 ] ms”’ b) r= [ t3 m4t2)r+ 81‘3 ] T

20ms 173 _m SR
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